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Efficient and Robust Reynolds-Stress Model Computation
of Three-Dimensional Compressible Flows

J. C. Chassaing,* G. A. Gerolymos,"' and 1. Vallet*
Université Pierre-et-Marie-Curie, 91405 Paris, France

The purpose of this work is the development of an efficient and robust implicit methodology for the integration of
the three-dimensional compressible Favre-Reynolds-averaged Navier-Stokes equations with near-wall Reynolds-
stress closure. The five mean-flow and seven turbulence transport equations are discretized in space, on a structured
multiblock grid, using an O(A x?) finite volume upwind-biased MUSCL scheme with Van Leer flux vector splitting
and Van Albada limiters. Time integration is based on an implicit dual-time-stepping procedure with alternating
direction implicit subiterations. A particular treatment of the approximate Jacobians used in the subiterations
substantially diminishes the computing time requirements of the implicit phase, so that the computationaloverhead
of the Reynolds-stress seven-equation closure, compared to a two-equation closure, is less than 30% per iteration.
For steady flow computations local time steps are used, for both the subiterations and the time marching, with
Courant-Friedrichs-Lewy numbers of O(10-20) for the O(1-20) subiterations needed and (O (100-500) for the time
marching. The robustness of the method is ensured by appropriate positivity, boundedness, and Reynolds-stress
realizability constraints. The numerical method is illustrated by computing (and conducting numerical studies)
for a high subsonic (M ~ 0.7) three-dimensional flow with large separation and for a transonic three-dimensional

shock-wave/boundary-layer interaction.

Introduction

UMEROUS authors have justified the use of simple zero-

equation closures' or the developmentof such ad hoc closures
as transport equations for the eddy viscosity? (a quantity that can-
not be defined theoretically)by stating that more advanced closures
(two-equation or full Reynolds-stress) require too much computer
resources and, more importantly, are numerically unstable? As far
as two-equation closures are concerned, these arguments have been
brushed away by the widespread use of such closures3~> Indeed
careful implementation of two-equationclosuresyields quite robust
and computationally efficient methods,*~® and this has established
two-equation closures as the current standard in turbulence model-
ing. What is surprising is that these same arguments of computa-
tional cost and numerical instability are being currently employed
by developersofexplicitalgebraic Reynolds-stressmodels'® against
the use of full Reynolds-stress models (RSM).*> These assertions
are of course negated by the increasingnumber of three-dimensional
near-wall RSM computationsreported in the literature.!! =1

There are, however, only a few published papers concerned
with the numerical implementation of full near-wall Reynolds-
stress models for three-dimensional compressible flows with
shock waves, such as those encountered in aerospace applications
(Table 1)8.12.14.15.17—37:

1) The structured multiblock cell-centered finite volume method
developed by Morrison!” (Table 1) has been applied to the compu-
tation of Mach M =2.87 compression ramps*® (with angles of 8,
16, and 20 deg) and of two-dimensional’ and three-dimensional®
supersonic (M =1.8) injection at 25 deg in a supersonic (M =3)
crossflow. No detailed information on iterative convergence is
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given, although it is stated by Chenault et al.!® that for the three-
dimensional computationsthe L, norm of the residuals was reduced
by three orders of magnitude, before saturation. No information on
time-step choice or on realizability’! constraints implementation is
available.‘3'17'38'39

2) The structured multiblock cell-vertex finite volume method
developed by Valle??! (Table 1) has been applied to the compu-
tation of two-dimensional'>'>?! and three-dimensional*'> shock-
wave/boundary-layer interactions and of complex transonic three-
dimensional flows in turbomachinery!® For attached flows and
for flows with small separation, computations were performed
at Courant-Friedrichs-Lewy (CFL)= von Neumann number
(VNN) =20-50. For flows with extended separation, it was often
necessary to reduce the VNN number (CFL =20, VNN =2). Con-
vergence of the L, norm of the residuals saturated after a reduction
of four orders of magnitude?! Explicit application of realizability
constraints'>!> was found to be the cornerstone of the stability of
the method and resulted in a very robust solver.

3) The structured cell-centered finite volume method developed
by Batten et al.® (Table 1) has been applied to the computation
of two-dimensional and axisymmetric shock-wave/boundary-layer
interactionsand of the three-dimensionalflowfield arounda fin/plate
junction in a supersonic (M = 2) flow. For the three-dimensional
computations'* the CFL was raised progressively from 1 to 1000,
and residuals were reduced by three orders of magnitude, without
reaching saturation. (Further iterations might be necessary for full
convergence of the turbulence quantities.)

All of these methods are upwind and strongly implicit. The im-
plicit phase induces a substantial overhead (factor 3—4) compared
to two-equation closures (e.g., 12 x 12 blocks for the method of
Morrison'” or 1 4 2 x 23 bandwidth for the method of Vallet*' com-
paredto 7 x 7 and 1 +2 x 13 for two-equation closures).

The purpose of the present paperis to develop an efficient and ro-
bust method for the computation of the compressible Navier—Stokes
equations with RSM closure. (The choice of an upwind implicit
method is an obvious one, based on the review of the literature.)
The basic improvements of the new method are as follows:

1) One improvement is the use of a dual-time-stepping (DTS)
technique, analogous to the one used for unsteady flows,*’ but with
local time steps for both the time advancement and the subitera-
tions, an original combination that will be here called local-dual-
time-stepping technique (LDTS), which enhances convergenceand
solution quality (throughreduction of the factorizationerror), and is
able to resolve limit-cycle-oscillationproblems observed, for flows
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Table1l Computationalmethods with near-wall RSMs applied to three-dimensional transonic flows

Characteristic Morrison!” Vallet'® Batten et al.®

Year 1992 1995 1997

RSM ZSGS!o? LSS,!12GV,15¢ GSV-LSS?%d MCL!4e

FEf O(Ax?) MUSCL?! upwind O(Ax3) MUSCL?! upwind-biased O(Ax?) MUSCL?! upwind
Roe???3 scheme with Van Leer?! with «-scheme HLLC approximate Riemann
minmod?>?? or Van Albada limiter?!-% solver?? with various limiters®
Venkatakrishnan?* limiters

flv, S8 O(Ax?) centered?® O(Ax?) centered®® O(Ax?) centered?®

Time O(At) ADI-AF?!h
12 x 12 block tridiagonal

FJi O(Ax) conservative®® stencil
implicit AF source-terms

O(At) ADI-AF?!
banded-LU factorization?’
with bandwidth 1 +2 x 23

O(Ax) conservative?® stencil
explicit source terms

O(At) line relaxation®®
with three alternate sweeps with
explicit deferred corrections'*
O(Ax) conservative?® stencil
diagonalized RSM Jacobians
apparent viscosity technique?®-3%

bc —_— Implicit Chakravarthy®3 Implicit Chakravarthy®3
Realizability3! —_— Explicit constraints!? 13 Pantakar linearization 32
[CFL, VNN]*! — [20-50, 2-50] [1-1000,1-1000]

27SGS: Zhang-So—Gatski—Speziale.!?
b.SS: Launder-Shima®3 with Launder—Sharma*
¢GV: Gerolymos—Vallet.!

&*-equation.

dGSV-LSS: Gerolymos—Sauret— \/allet20 wall-normal free version of the LSS model.

€MCL: modified!# Craft-Launder.3>
‘F € discretization of convective fluxes.

ng S: discretization of viscous fluxes and of the gradients appearing in viscous, diffusive, and source terms.

hADI AF: alternative-directions-implicit-approximate factorization.
%F’: approximate Jacobians used in the implicit phase.

Jbc: boundary conditions.

KCFL: convective stabilityy"37 Courant—Friedrichs-Lewy number.
L'VNN: convective stability30-37 von Neumann number.

with large separation, using standard alternating-directionr-implicit
(ADI)—approximate-factorizaion (AF) techniques.

2) Another improvement is the introduction of an appropriate
approximation of the implicit matrices, which minimizes the com-
putational cost of the turbulence transport equations, that is appli-
cable to both two-equation and seven-equation (RSM) closures and
substantially improves computational efficiency.

Flow Model and Computational Method
Flow Model
The flow is modeled by the compressible Favre—Reynolds-
averaged three-dimensional Navier—Stokes equations,'> coupled to
the six transport equations for the Reynolds stresses and the trans-
portequationfor the turbulence-kinetic-erergy modified dissipation
rate,'> written symbolically as

ow 3_FZ+S_811) afx+afy+afz+5—0 (1)
ot ox, ot ox @y 0z T

- =~ =~ =~ = — =TT =T = =
=[p,pu,pv,pw,ph1—p,puu,puv,pvv,pvw,

,01;_\1_1)/ pw”u” pE ] eR" ()
LY Z_EC +fzv
fc = [P”z, Pl + Pyg, PUV + Pstz, PlW + PS.y, P”zhu

EY =0, puju” = 2o, puv" — %oy, pfw’ — T i (G — %)
+ (QZ + /Oh// //) \'\'l? _D,\'yl» _Dyyl» _Dy:Z» _D::Z»
T
- D:,\'Z» _Ds(] (3)
T
S=—[0,0,0.0, ;. Suc: Suv- Suus Sours Swurs Suis Sc | )
where w € R'? is the vector of unknowns; F, e R2 (F fw E)

are the combined convective (¥, ¢yand d1ffus1ve(V1scous,F Yfluxes;
SE]RI2 are the source terms; ¢ is the time; x, (x, y, z) are the

Cartesian space coordinates; u; (4, v, w) are the velocity compo-
nents; p is the density; p is the pressure; §;; is the Kronecker sym-
bol; 7;; are the viscous stresses, g; are the molecular heat fluxes;
D;jr represents the order three tensor responsible for the turbu-
lent diffusion of the Reynolds stresses d;; = dD;;,/dx, (including
triple correlations, pressure diffusion, and viscous diffusion); and
D,, corresponds to the diffusion of the turbulence-kinetic-erergy
dissipation rate ¢. The symbol (~) indicates Favre averaging, (-)
nonweighted averagmg, (@) Favre fluctuations, and (-) nonweighted
fluctuations. Also, h, = h + < Uil 1s the total enthalpy of the mean
flow, h is the specific enthalpy, k=- u” " is the turbulence kinetic
energy. The symbol () is used to denote a functlon of average quan-
tities that is neither a Favre average nor a nonweighted average.
Finally S;, is the source term in the mean-flow energy equation'’
Su,.u/ =P+ ¢; —pe;+ K + ¢,, i P;; is the production ten-
sor, ¢;; is the redlstrlbutlontensor &;j is the dissipation tensor, K;;
are direct compressibility effects,'”® ¢, is the pressure-dilatation
correlation (p’du; /dx,), and S, the source term in the ¢ equation.

The terms D¢, ¢y, €ij, Kij» D, Sj,» Se» and h”u” depend on the
particular closure used. In the computatlonal examples reported in
the presentpaper, two wall-normal-freeRSM were used,'>2* but the
numerical implementation described in the following can be used
with other closures (RSM or two equation).

Space Discretization

Equations (1) are discretized on a structured grid using a finite
volume technique with vertex storage. The divergence of convec-
tive fluxes ([FC, F°, F°]" € R @ EY) is discretized using the flux-
vector-splitting method of Van Leer with O(Ax3) MUSCL inter-
polation and Van Albada limiters.?!>> The divergence of viscous
fluxes ([FY, F¥, F'1" e R @ E?) is discretized using the O(Ax?)
centered scheme described by Arnone*® The present implemen-
tation follows closely the work of Anderson et al.?!*>3 Defining a
staggered grid

_ 1
Xigdjeloel = sk T Xz T Xie ik T XLk

o=

FXijaer T Xt jher T Xt 1kt +x[.j:tl.k:tl) (%)

and noting (&,n,¢) the grid directions (i, j, k), (ES[il/z_j_k,
"Si 1245 ¢S j.k+1y2) the cell-face areas of the staggered grid cell
around the point (i, ],k) and ([¢ nv,fny, n, ]111/2,1{’ ["ny,"n,,
n.] ny,n; 1 ) the correspondingunitnormals

L/:El/2k’[n"’ ijk+1/2
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(positivein the positive grid direction), the semidiscrete scheme can
be written as

+ S“f' Jok ‘}il\-]#%/k o ES[—%-/-k Eﬁf%.j.k
% +%/k S, i+ gk n‘F[{\;-%—%.k - nsf-/—%-k nﬁx—%.k
St |
+8, =0 (6)

where V), ; ; is the control volume. The numerical flux is given by

PV = [Fw ity ) + F(wt

§ §
ikl ik n,, ny, ”;)
3.

+ F) fng] @)

it5.j.k

The viscous fluxes at the staggered grid cell faces are given by

[—FZV][:E%.j.k = %([—FZV][.]J( + [—FZV][:H.j.k> ®)

and the Van Leer fluxes are given by

(where the 1073 term is introduced to avoid division by 0) and
the correspondlng MUSCL variables w*(w_;, wy, w,,) = (wp,
=1,...,12) are given by*!

w;t([wp]—l ) [wp](J» [wp]-H)
= [wp](J + [(sp/4)(l + sp/S)([wp]-H - [wp](J)
+G,/HA £5,/3)(wylo — [wy]-1] (12)

Implicit Dual Time Stepping

Denoting by £; ;, the discretized form of the space operator
[divergence and source terms; Eq. (6)], the semidiscrete equation
at grid point (i, j, k) gives

dwuk dtv
” + Lijx =0V, J,k©T+L(m)—0 (13)

— T 12x N; x Nj x Ng
where tw=[w, W ... S Wh, ;. Nk] eR XN and

L= [41_1_1 N 1_:1_1_2, .. ‘CN, Nj, Nk]T S Rlzx Nix Njx Ni are the global
vectors of the unknowns and of the space operators, respectively.
The time discretizationof the semidiscreteschemeusesa O(At) im-
plicit scheme. The resulting system of nonlinearequationsis solved
using a dual-time-steppingiterativetechnique ** Denoting A, ; , the

1
a .
n,—(—M,£2)+u — _~ B
-0 Y oV,
i oV, + pn,
0 ny = (=M, £2)+ 7 potTh
0 y pV,u + pn,
7 . oV, w + pn.
0 no (=M, £2) + i prat TP
0 Y o Vahy
F;t 0 :t_u(Mn:tl)z _(y — 1)M3i2(y — 1)Mn + 2&2+E /5~nu//u//
=0l pa——r v = | 57 ©
0 '’ pVuv"v”
0 N I5~nv//—/\_/w//
0 v"v” o Nnm
0 v'w” 15 7 w'n
Lo —— §
w"w P
_ L Ve
+M, < —1 w'u" [N —
o +My > 1
[Mn] <1

-1

where M, w:n,.n,.n.) =i,wn,d" @)= V,a" and d(w)=

VYR, T (w)]. The MUSCL variables are given by

+ _ o+
W1, =Y ('-Uz—%ié.j.k»Wz-%i%.j.k’wwr%i%.j.k)

+ oo+
WL =W (w[.j.k—%i%’y}[.j.k—%i%’w[.j.k-%—%:t%) (10

where w* denotes the MUSCL interpolation function. If w, is an
element of w=(w,; p=1, ..., 12), then the corresponding Van
Albada limiter s, is defined by**

sp([wp]—l» [wp](J» [wp]+ 1)

— 2([wp]+1 — [wp]U)([wp]U —
([wp]-H - [wp](J)z + ([wp]U -

[wp]—l) + 10_23
[wp]—l)z + 10-23

p=1,...,12 (11)

local time step at grid point (i, j, k), At} the local dual pseudo

time step, and defining the diagonal matrices
At = diag[(An )L, (A, Aty )]
Ar =diag[(Ar7, )L, (At )L (A6, 0 )1,] (14)

where/ , denotesthe 12 x 12 identity matrix, the numerical scheme
between instants n and n + 1, for the dual subiteration m, can be
written

n-ﬁ—lt.0 — iy +L(n+lm) EO:} m-%—l.n-%—lt.0 _m.n-Hm
At Ar
+m+1.n+lm_nm +L(i}z.n+lm)+a_y(;tz.n+lm)
At dto
X[i’l+1.n+1m_m.n+lm];0 (15)

where L’ (t0) is an approximation to the operator L(fv), chosen so
as to minimize implicit work. (The baseline choice L’ =L uses the
exact Jacobian in the implicit procedure.) The following iterative
procedure is obtained:
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Do nj; =1, Nj (time steps):
Do my =1, M, (subiterations):

oL’
[I+ At** (;;zn+lm)i|[m+ln+lm m.n+lm]

m,n+1 n
v —"to
= —At**[ - +L('"-"+‘m)} (16)
—ApF LR = [t L)

where I g RUZ > Ni x Nj>x Ni)x (12> NixNjx Vo) ¢ the jdentity matrix,
R is the residual, ' *'tv = "tv, and

Af*

Ar = ——
1+ Ar/At

=[I+ At A A (17)

Note that the usual non-dual-time-stepping scheme?!>4! is re-

covered at the limit At — co & Ar** = Ar*, with only one subit-
eration (M;; =1).

Approximate Jacobians

The computational cost of the RSM method (and the correspond-
ing overhead in comparison with more conventional two-equation
closures) is basically caused by 1) the computation and assembly
of the Jacobian L’ /3tv and 2) the solution of the linear system
[Eq. (16)]. The following approximations were made:

1) O(Ax) Stencil: In practice, as reported in the Introduction,
all authors®!”-!8 introduce a first simplification in the computation
of the Jacobian dL/dtv by taking the derivative of an O(Ax) sten-
cil instead of the O(Ax?) stencil used for the computation of the
numerical fluxes [Eqgs. (6), (7), and (10)]. This standard simplifi-
cation, independent of the turbulence closure used, is equivalent
to computing the Jacobian not from the numerical fluxes FV but
from approximate fluxes F”’, where the MUSCL variables in F*
[Eq. (7)] are computed using O(Ax) extrapolation 1=

2) Diagonalized viscous Jacobians: If no particular approxima-
tion of the Jacobians is made, then the computational overhead of
the RSM method in comparison with two-equation closures is eas-
ily estimated because the Jacobian dL/dtw is assembled from the
flux Jacobians 3 FV /dw of the discretization stencil [Eq. (6)]. The
size of the flux Jacobiansis 12 x 12 =144 for RSM computations
and 7 x 7 =49 for two-equation closures, and both the assembly of
the Jacobian dL /9tv and the solution of the linear system scale as
144:49=2.93:1,"? resulting in a factor of almost three. To remove
this drawback, further simplifications are made (these simplifica-
tions together with the realizability constraints are the most impor-
tant result reported in the present paper) by introducing an ad hoc
diagonalizationof the Jacobians of the diffusive fluxes. This is done
by replacing 3 F;’ /dx, by an approximate discretization of div(ve,
grad w),) for every element w, of w = (w,; p=1, ..., 12) except

= p (no diffusive fluxes in the continuity equation), where v is
an equivalent diffusivity3

3) Source terms Jacobians neglected: Computational tests'® have
indicated that including the source-term Jacobians does not seem
to have a major influence on the stability of the present implicit
method. Although this simplification does not result in major com-
putational savings, it is very practical when using the computational
method for turbulence model development because it does not re-
quire computing and coding source-term Jacobians for the various
variants of the model.

With these simplifications the implicitoperatordL/dtw [Eq. (16)]
is replaced by the approximate operator L’ / Jtv, which is

the Jacobian of the approximate operator L’ = [ll1 L1 1 Lareees
L3, x| € RPNV obtained from
J £ £pJ
+8 /k ‘}i-%——jk Sl_l/k _}7[—%]1(
1
J o n ol n ngJ
4[.].1{ - ij + 8/+-k }ij-%—lk Sf-j_%-k _}ij—%k
_¢ 924
L+ uk+a ij+’) Sf-/-k—% ‘F[.j.k—%J
(18)

&t — + . |& & 3
}iﬁ-, kT [f (y)f-/-k’ [ My, 71y, n:][-%—%.j.k)

+ f‘(y)[+1_,~_k; [*r.. E”y’E”f]H%.j.k) + E‘F[‘-/%—J%.j.k:l (19)

)

it %,k

%(V[.j.k + Vi)

L Af,+-2L/k J

§pvi - L
E+%_j_k = - 2([Veq]z.j.k + [Veq]z+1.j.k)

T 0 0
ou ou
5 50
i i

ph, — p phi — p
pu//u// ﬁu//u//

A s | | v a0
,OU//U// ,OU//U//
ﬁm pv'w”
puw'w” puw'w”
pw//u// pw//u//

Loper A LoeE ik

where veq is an equivalentdiffusivity computed by MacCormack.*
With these approximations the flux Jacobians are of the form

FF! | E 7
H—a Jk éMF Q
Bwuk ¢B EA 1
L =MF =RsM i 44 ik
aSFJ B3 qi+1
t+a Jko éMF Q @1
oW, 11 jx ‘B fA .
L =MF =RsM i+ 4 jik
[EA ][ _ f;n (wt jk) N I
=rsmJi+ ik T Biik i+d.k |5
5_1_[5“]' I
:+-L jko gk
[EA ][+1 _|:fm_(1_0[+1_j_k) N i|1
A vl T T TNl |L
=RSMi+3.j.k Dit1,jk +35.J =7
= ik al !
:+-2L./.k ’*? ik
+
i—1 Sl w; —154)
£A ! _ m i—1.j, + N I
2 L, - — Lk
[_RSM]L L jk |: A i-t k|
—1—[5:1]’ 1
5‘5’71”{ i %/k

i S @i 0)
& _ m \Zi,j, _
[ éRSM][_%_j_k - |: /5[.j.k M—%.j.k £7 (22)

Vi .
e L
éi—-zL./.k =gk

where f* is the mass flux [Eq. (9)], ./\fi 1 jx isascalar [Eq. (20)],
and [ is the 7 x 7 identity matrix. The partlcular form of EA RSM
is 1mportant because it can be exploited when using approximate-
factorization techniques*' for the solution of the linear system
[Eq. (16)].Independentof the particulartechniqueused, itis obvious
that the form of the Jacobians [Eq. (21)] will result in a particular
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form of the globallinear system. If the vectors of unknowns are split
into mean flow (MF) and turbulence (RSM) parts

= (15, pit, 53, pb, ph: — pl;

LS
~—
oS
2~
7

S
o~
w1

=
.

S

4T 5?17 _ T T
m_[mMF’mRSM] _[[(E)MF)I.I.h(E)MF)I.I.Z""’

where toyp € R>* M Vi Nk js the global vector of mean-flow vari-

ables and toggy € R7* Vi Vi * Ve ig the global vector of turbulence
variables, then the global linear system [Eq. (16)] can be written as

|:ISN,-,k + Aur 0 i| |:AmMF i| _ _|:bMF i|
Bye Iy, +Arsm | | ATOrsm bgrsm
(Isw,j, + Avp) AvOyE = —byr
(I7w,j, + Arsm) AtOrsm = —brsm

where Atp ="+11+1gy —mn+lyy gre the increments [Eq. (16)];
the matrices Ay, By, and Arsy are easily identified [Eqs. (16—
22)]; and byr, brsy are obtained by the splitting of b [Eq. (16)]
correspondingto the splitting of tv [Eq. (23)]. Furthermore, a closer
examinationof Agswm, as constructedby BLJ/Z)m, and takinginto ac-
count the particularform of A_ | ”4RSM, fARSM [Egs. (22)],shows
that the linear system (I+ARSM)At‘0RSM = _bRSM BMFAt‘OMF
[Egs. (24)] is equivalent to seven independent linear systems, one

24)
— BypAtoyr

for each turbulent variable vR®SM
Y oRM e (ouu” | pu'V", pv' Y ,ov "w” ,01;_\1_1)/ pm pe*}
&0 & i n .1/ n .1/
[1 +1 a]z+% ik +I a][—%.j.k +1 a][.j-%—%.k +1 a][.j—%.k
+lall L+l }Avf‘f?f +lal Ty AV,
it j—1
+ [Ea][: Lk AULI:S—I\I/[/ ¢t [na];_j_%_kAv}.{/sh—dl.k
j+1 RSM -1 RSM
+[”a];.j L Av”+1k+[<a] _lAvuk_l
+[<“]5f_+1 AvLRjSk-Fl = _BF§1>:[ (25)
or equivalently
(I, + arsm) Avrsm = —Brsm (26)

where the scalar coefficients {[* a]i+ 12k ..} are easily identified
[Egs. (22)]; BRSIXI is the term in —bgrgy —BMFAmMF [Eq. (24)] cor-
respondingto the transportequation for vl Tk ,IN it isthe N;jx X N;j
identity matrix; arsm iS the N;j X N;j; matrix assembled from
the scalar coefficients {[Ea]j.+ ke ..} [Eq. (25)]; vrsm = [v1 e
DL U 175 and B = (BB L6

This particular form can be exploited for any AF technlque us-
ing lower-upper (LU) decompositior?’ for the solution of the linear
systems resulting from the factorization because the seven systems
corresponding to the seven turbulent variables have the same sys-
tem matrix (sparse N;j; X N, j, matrix)butdifferentsecond members
(BRSM) 'meaning that the LU decomposition needs to be computed
only once. These simplifications reduce the computational effort
for the matrix computation,assembly, and LU decomposition, from
12 x 12=144 units to 5 x 5 + 7 =32 units, hence a computational
economy of ~144/32=4.5. The same technique can be applied to
two-equation closures, where the computational effort is reduced
from 7x7=49 to 5 x 5+2=27, hence a computational econ-
omy of ~49/27=1.81. In this way, when using strongly implicit
methods with AF techniques.*! the ratio of computational effort for
the matrix computation,assembly, and LU decomposition,between
zero-equation,two-equation,and full RSM seven-equationclosures
scalesas 25:27:32=1:1.08:1.28.0f course the computationaleffort

ratio between various models also includes the computation of the
residual R [Eq. (16)], which scales with the number of equations,

T .
(y)MF)N,-.N,.Nk]’

e A e T e A e T e SR e TR [
[ou"u”, pu™v", pv"v", pv"w", pw"w”, pw"u", pe*]

T
[(I_URSM)lT.lJ , (IJ)RSM){.LZ’ cees (I_URSM)IJ\-/,-.N,.N;(]] (23)

the computation of —bgsy — ByrAtoyr [Eq. (24)], which scales
with the number of turbulence variables, and the backsubstitutions
after the LU decomposition, which also scale with the number of
turbulence variables. This modifies the ratio of overall computation
effort per subiteration between two-equation and seven-equation
closures to 1:1.26 (a very substantial gain indeed compared to the
initial 1:4 ratio obtained when the preceding approximationsare not
used'?).

Approximate Factorization and Boundary Conditions

In the present work the linear systems appearingat every subitera-
tion [Egs. (24) and (26)] are solved using an approximately factored
ADI-AF method?!?

(ISN,-,k + EAMF)EAmMF = —byr
*Brsm = brsw + "B’ Aty
(IN,-,k + E”RSM)EAURSM = —Brsm

0
(ISN,-,k + nAMF) Atoye = Aoy
"Brsm = —° Avgsm + "Bur” Atoy
(IN,-,k + naRSM)nAvRSM = —"Brsm

(ISN,,k + AMF)AmMF TAW R

“Brsm = —" Avrsm + " BypAtoyr

(INi/k + {aRSM)AvRSM = — Brsm (27)

for the mean flow and for the turbulence variables. The matrices
S Ayip, "TAnp, ‘Ayve Carsm, "arsm, S arsy) are obtained by retaining
in Ay (arsm) only the terms correspondingto the £-wise, n-wise,
and ¢-wise fluxes, respectively. The three successive spacewise lin-
ear systems are solved using banded-LU factorization?” The cor-
responding bandwidth is (1 42 x 9) for the mean flow [Egs. (27)]
and only (1 4 2) for the turbulence equations (27).

To achieve the high time steps used, it is indispensible to apply
boundary conditions both implicitly and explicitly. Boundary con-
ditions are treated using the method of characteristicsand are treated
implicitly following the corrections method of Chakravarthy? ap-
plied to each linear system of the ADI-AF [Eqgs. (27)].

Time Stepping
The local time step is based on a combined convective (Courant)
and viscous (von Neumann) criterion’’

. 2 7
At; jx < miny CFL—= , VNN
Vta/l+2y — 1M 2veq

4 . y—1 .
veq=max{§(v+v7), — (K+KT)} (28)

4

where £, is the grid cell size, V is the flow velocity,d is the sound ve-
locity, veq is the equivalentdiffusivity computed by MacCormack,*
VU is the molecular kinematic viscosity, £ is the molecular heat



768 CHASSAING, GEROLYMOS, AND VALLET

conductivity, and the eddy viscosity vy and eddy conductivity «r
are those of the Launder-Sharma k—& model**:

5 34
vr = C,VRe}, C,=0.09exp | ————
(1 +0.02Re;)
k? OVTC,
R, = —, p—A T Prr =09 (29)
ve* Pry

Note that the turbulence Mach number My = ./(2kd~2) appears
in the convective stability time step.'?> When using local dual time
stepping with subiterations, CFL = VNN is taken, with different
values CFL and CFL* for At and Ar*, respectively [Egs. (15)].

Positivity, Boundedness, and Realizability Constraints

It is quite possible, during the iterations, to have Reynolds
stresses that do not satisfy the realizability constraints introduced
by Schumann ' Such anomalousbehavioris systematically checked
for at every subiteration. If the realizability constraints are not sat-
isfied for a given grid point, then all turbulence variables are set to
0 at this grid point:

u?<0v V7?2 <0V

if (u//v//)z _ u//zv//z >0V (v//w//)z _ v//zw//z >0V (w//u//)z _ w//zu//Z >0V

det[u/ﬁ?] <0V e <0V

where £z, 1s a maximum admissible length scale (a characteristic
order-of-magnitudelength of the configuration). Divisions by O are
avoided throughoutthe code by adding 10~2? to the denominator [for
every fraction b, /b, = b, / (b, + 1072)]. These simple realizability
and boundedness fixes (which are completely explicit and as a con-
sequence easy to implement) stabilize the computations for all of
the cases studied using this method.!?13:16:20 In subsequentsubitera-
tions turbulencebuilds up again through diffusion from neighboring
nodes.

Discussion of the Approximations

The approximatediffusive Jacobiansand the factthatsource-term
Jacobians are neglected result, at every subiteration, in the linear
system [Eq. (25)], which has the same scalar coefficients for each
turbulent variable. The preceding approximation is the main rea-
son of the computational efficiency of the method. The present ap-
proach differs substantially from the diagonal implicit algorithm of
Coakley*? because 1) the mean-flow Jacobians are not diagonalized
in the present method, 2) the Reynolds-stress transport equations
Jacobiansare not only diagonalizedbut also equalized because they
all correspond to the mass-flux Jacobian augmented by a diffusive
contribution, and 3) the influence of the mean-flow increments on
the Reynolds-stress transport equations are retained.

The particular choices for the approximate Jacobians were dic-
tated by computational efficiency. It is well known that the in-
adequate implicit treatment of diffusive terms can result in nu-
merical instabilities, especially for diffusion-dominatedregions of
the flowfield,** such as regions of large separation. Huang and
Leschziner” and Lien and Leschziner’® have pointed out that the
absenceof turbulentstresses, proportionalto the mean-flow velocity
gradients, in the mean-flow momentum-equations has a numerical
destabilizing effect, especially in recirculating flow regions. These
authors®>3? solved the preceding stability problem by splitting the
Reynolds stresses into a part proportional to the mean-flow veloc-
ity gradient (primary Boussinesq part) based on a tensorial posi-
tive eddy viscosity (defined from the correspondingReynolds-stress
transportequation) and a remaining term. The Boussinesq part was
added on both sides of the momentum equation and discretized with
different stencils (O[Ax?] and O[Ax*]), thus introducing a stabi-
lizing smoothing in the truncation error. This Boussinesq part could
have been used in the approximate Jacobians [Eqgs. (20)], but this

was not found necessary. Instead, the LDTS subiterations served to
stabilize the computations.

Finally, the explicit application of the realizability constraints
and the associated fix replace the positivity-ensuringtreatments of
the source terms.3*~32 This particularly simple technique has given
satisfactory results for a wide range of aerospace configurations
consideredby the authors.!>!%16 In complex three-dimensionalflow
configurations'® the Schwartz inequality constraints’! have to be
satisfied at every iteration [Egs. (30)] to avoid the breakdown of the
computational procedure.

Computational Parameters

The parameters controlling the numerical scheme (time inte-
gration) are the CFL numbers (CFL for the time step and CFL*
for the dual pseudo time step, assuming that VNN =CFL and
VNN* = CFL") and the number of subiterations performed at each
iteration M; (n;). This number can be either fixed by the user or
chosen dynamically based on a convergencecriterion for the subit-
erations. The relative variation of the mean flow eyr and of the
turbulence variables eggy; are monitored using the following error
L, pseudonorms:

w? <0V
“Wgsm < 0

(30)

3
% 2 -1
Oo=k2e" > Ug,,,

emrp[MoyE, Atoye] =

loe [LIZIAPF Y IAGE)AGE)]
VST T Sipanl

ersm[tWrsM, Atogsm] =

Y [A(ph, — N}
Y [ph, — pP

log,,

= = Ho*]2

7 Z[pu[/u;pu[/ujf] > [pe*]

where Y implies summation over all of the grid nodes and the sum-
mation conventionfor the Cartesianindicesi, j = 1, 2, 3isused [for
instance, meaning that the relative variation of the momentum vec-
tor is used in Eqgs. (31) for eyr]. These quantities (eyr and egsy)
define approximately the number of digits to which the computation
is converged (e.g., eyr = —4 implies convergence to the 4.0 digit).
They are used to define the subiterative convergence of the incre-
ment by the error reduction between subiterations [m, n 4+ 1] and
[m+1,n+ 1] [Egs. (16)]:

A _ﬁ A ’ﬁ 5o%]2
1{2[ GEEDAGETD]  Yiape] } an

10[€MF(m +1ln+1D] _ 10[€M1:(m.n + 1]
10[€M1:(m.n+ D]

rvem+1,n+1) = 10%10{

10[€RSM(m+l.n+l)] _ 10[€RSM(m.n + 1)]}

rRSM(m + 1, n—+ 1) = logm{ 10[€RSM(HL'I+ Iy

(32)
emp(m +1,n+1) = eMF[anFa R anF]

egsm(m +1,n+ 1) = eRSM[nmRSMa mEL T g pan — nmRSM]

(33)

The reduction (ryg and rgrsy) indicates approximately the num-
ber of digits to which the increment is converged during the subit-
erations. The time-integration scheme is therefore defined by the
triplet [CFL, CFL*; M, ryr], where either M; or ryg is speci-
fied. With this nomenclature the non-LDTS scheme corresponds
to [oo, CFL*; 1, —] [Eq. (17)].
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Fig. 1 Partial view of NTUA_1 annular cascade** with RSM-computed flow streamlines near the hub and comparison of measured and computed
(using RSM'® and k—&3* models) pitchwise-averaged flow angle at inlet ayy; and outlet oy, : i =13.2 kg s Ty; =4%; L1, = 0.04 m; and grid-DE.

Computational Results
Configurations Studied
In the following, results are presented for two different con-
figurations chosen to highlight different aspects of the method:
1) three-dimensional flow in a subsonic annular cascade (inflow
Mach number M; ~ 0.6 with large hub corner stall,* that is used
to illustrate how the subiterations solve the well-known*-*° prob-
lem of separated flow oscillationsobserved with ADI-AF methods,
and 2) three-dimensional flow in a transonic channel*> with corner
separation caused by shock-wave/boundary-layerinteraction.
Convergence is monitored both by the evolution of global quan-
tities such as mass flow and losses and by the error L, pseudonorms
[Egs. (31)] plotted as a function of either iteration count n;, or cum-
mulative subiteration count:
Ly = my + mito(”it)s

Mg, (ny) = mito(”it = 1) + M (ny)

mi, (1) =0 (34)
For a given turbulence model the cummulative subiteration count
¢y, is directly proportional to CPU time.

Importance of Subiterations

The importance of subiterationsis illustrated by considering the
flow in the NTUA_I stator annular cascade** which consists of
19 blades attacked by a complex swirling flow, created by an up-
stream scroll. Although the experiment was initially intended to
investigate the effects of clearance between the blade tip and the
hub, the reference case without clearance (§yrc =0) is a very in-
teresting test case because of the experimentally observed large
hub corner stall. Previous studies'® have shown that, because of
the large hub corner stall, typical two-equation closures will fail
to correctly predict the substantial negative deviation (opposite to
the blades’ camber) of the flow near the hub (span ¢ =0-20%),
whereas wall-normal free RSMs designed for separated flow!>%
will predict this phenomenon (Fig. 1). The observed separation is
basically caused by the local (¢ = 0-20%) flow incidence and has a

complex three-dimensional structure (Fig. 1), consisting of a local
three-dimensional tornado-type vortex (red streamlines), which is
bent streamwise by the flow resulting in a strong hub-corner-stall
secondary vortex (blue streamlines). This large separated flow re-
gion induces an important deflection of the flow (green streamlines)
responsible for the negative deviation. A substantial improvement
of outlet flow-angle prediction is obtained by the RSM closure,'?
compared to k—&3* results. Computations presented in the present
work use an H-O-H grid of 2.75 x 10° points [grid-DE; with 129
radial stations, 25 x 49 (axial x tangential) points in the upstream
H-grid, 241 x 57 (around the blade x away from blade) pointsin the
blades-O-grid,and 97 x 65 (axial x tangential) points in the down-
stream H-grid; the nondimensional distance of the first grid point
away from the wall is n} < 0.7 wall units everywhere], discretiz-
ing the flow around only one blade with peridocity conditions.!®
Previous published grid-convergencestudies'® using various grids,
with bothan RSM model" (whichslightly overestimatesseparation)
and the Launder-Sharma®* k—¢ (which substantiallyunderestimates
separation) indicate that results with this grid are reasonably grid
converged.

The presence of the large hub corner stall promotes the nu-
merical instabilities associated with the use of both approximate
Jacobians and approximate factorization, so that typical ADI-AF
schemes!'?2!"23 thatdo notuse LDTS, such as scheme [00, 10; 1, —],
will converge to a limit-cycle oscillation, which is clearly seen in
the convergence of mass flow at the cascade exit m, (Fig. 2e).
With the present nomenclature the non-LDTS schemes correspond
to the limit CFL — oo [Eq. (17)], and CFL* determines the time
step used. This explains why the non-DTS schemes, especially
if Newton subiterations’!?* are not performed, will be less stable
than the present class of time-integration schemes with finite CFL.
This is substantiatedby considering various time-integration LDTS
schemes (Table 2). Using the scheme [100, 10; 5, —] still exhibits
limit-cycleoscillations,but with substantiallydiminished amplitude
(Fig. 2e), and increasing the number of subiterationsto 10 (scheme
[100, 10; 10, —]) completely stabilizes the computations (Fig. 2e).
The difference between limit-cycle and nonoscillatoryconvergence
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is also clearly observed in the evolution of the mean-flow error eyr
(Fig. 2d), where the stable schemes reach a 3—4-order-of-magnitude
reduction of ey, before saturation, whereas nonstable schemes fail
toreduce ey by more than 1-2 orders-of-magnitude(Fig. 2d). Con-
vergence is improved by using the [100, 10; —, —1.0] scheme that
dynamically chooses the number of subiterations at each iteration
to obtain a reduction ryr = —1. In this case the number of subit-
erations in the initial phase of the convergence is almost constant
~9 (Fig. 2a), but when the asymptotic phase of the convergence
is reached near ¢; = 3000 the number of subiterations M oscil-
lates around a mean value of ~5 (Fig. 2a), thus explaining the
convergence speed-up. (It is recalled that for a given turbulence
model the cumulative subiterationsindex ¢y is directly proportional
to CPU time.) Increasingthe time step will give stable computations
at the expense of more subiterations and seems to increase comput-
ing time requirements, as can be seen for instance for the scheme
[200, 20; —, —1.5] (Fig. 2). It is nonetheless important to note that,
even for higher time steps, increasing the number of subiterations
M, by increasing the error reduction ryg suffices to stabilize the
computations (Fig. 2). As far as convergence speed is concerned,
the scheme[100, 10; —, —1.0] seems optimal for the present config-
uration. The present configuration is however significant for testing
the stability of the time-integration scheme because it contains a
large region of separation and because it is computed using a quite
fine grid with an RSM closure'® thatslightly overpredictsseparation.

Table2 Summary of computational parameters influence on
the computations of the NTUA_1 annular, using the class of
LDTS-integration schemes defined by [CFL, CFL*; My, ryir]
(h=13.2kg s™L Ty, =4%; £1,=0.04 m; grid_DE)

Comparison of computing time requirements between the RSM
and k—e computations yields interesting and somehow unexpected
conclusions (Fig. 3). Both computations were run on the same
grid (grid-DE; Table 1) with the same initialization, using a
[100, 10; —, —1.0] time-integration LDTS scheme. The conver-
gence in mean-flow error ey of the k—& computationsis %-order-of-
magnitude worse than the corresponding convergence of the RSM
computations (Fig. 3b). The number of subiterations required for
the k—& computations does not drop when convergence is reached
(Fig. 3a) contrary to the RSM case (Fig. 3a). Considering the con-
vergence of mass flow at cascade exit mz,, as a function of CPU time
(Fig. 3c¢), for the two computations, indicates that, despite the 26%
computational overhead per subiteration of the RSM computations,
the CPU time required for full convergenceis slightly higher for the
k—e computations (Fig. 3c) because more subiterations are needed
for the k—¢ computations (Fig. 3a). Although this resultis not gen-
erally observed, it substantiates the authors’ experience that, for
difficult flow computations, carefully implemented RSM closures
are more stable than two-equation closures, an experience contra-
dictory with frequent assertions of the contrary

Transonic Nozzle Flow

The performance of the present computational method in pres-
ence of shock waves has been validated for various transonic and
supersonic (M ~ 1-3) configurations, for which results have been
presented in previous RSM closure development studies.'?13:16:20
It is further illustrated in the present paper by considering
transonic flow in a square nozzle® fitted with symmetric bumps
on the upper and lower walls (Fig. 4), computed using a
2.03 x 10° points grid to discretize % of the channel (grid_C; with
N; x N; x Ny=N, x N, x N.=201 x 111 x 91 points, stretched

Scheme CrL CrL Mi il Limit cycle geometrically away from the wall with ratios r; =1.081 and
Non-DTS 00 10 1 — Yes ry =1.09, respectively; the nondimensionaldistance of the first grid
DTS 100 10 5 — Yes point away from the wall is y} = z+ < 0.5 wall units everywhere),
DTS 100 10 10 - No with y-wise and z-wise symmetry conditions. The present con-
g¥§ 588 18 :ig SI?e(; figuration is easier to compute (requires fewer subiterations than
DTS 200 10 15 No the preceding one), clearly indicating that numerical instabilities,
DTS 200 20 15 No cause.d by. approxin_late factorizz_ition apd to the approximation of
the diffusive Jacobians, are mainly triggered by the presence of
25 25 25 1 1 ] |
® ()
20 20 20 :
i F
15 15 15 4
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Fig.2 Convergence of d) mean-flow error eyr and e) mass flow at cascade exit 1z, and a), b), and ¢) number of subiterations M;; required for a given
error reduction ryy, as functions of the cummulative subiteration count ¢;; [Eqs. (34)], using different LDTS time-integration schemes (Table 2) for
RSM!5 computations of the NTUA_1 annular cascade®: i =13.2 kg sl Ty; = 4%, £r, =0.04 m, and grid_DE.
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separated flow.?** Computations were run using a [100, 10; 5, —]
scheme, for two backpressureratios (correspondingto shock-wave
Mach numbers Mgy of 1.15 and 1.3), with the experimental in-
flow conditions*® A wall-normal free version® of the Launder—
Shima** RSM (GSV-LSS) was used for these computations. The
flow is strongly influenced by three-dimensional effects caused by
the shock-waveboundary-layerinteraction at the solid corners be-
cause of the small width of the channel *6 Computed wall pressures
(isentropicMach numbers*!) show quite satisfactoryagreementwith
measurements. The mean-flow variables error eyr is reduced by
4-5 orders of magnitude before reaching saturation, whereas the
turbulence variables error egsy is reduced by three orders of magni-
tude. This reductionis quite satisfactory,compared to the results of
other authors,!*1814 a5 discussed in the Introduction of the present

paper.

Conclusions

In the present work a computational methodology for the nu-
merical integration of the Favre—Reynolds-averagedNavier-Stokes
equations with near-wall RSM closure was presented and analyzed,
yielding the following conclusions:

1) An implicit upwind method was used, and this seems to be the
choice of all workers in the field.

2) Computational efficiency is achieved through the use of a par-
ticular form of the approximate Jacobians appearing in the implicit
phase, based on an O(Ax) stencil and on approximate implicit vis-
cous fluxes ensuring diagonalized viscous Jacobians. This form un-
couples the MF equations from the RSM equations but retains the
influence of the MF increments on the RSM equations. The advan-
tage is that the implicit phase of the RSM equations correspondsto
an implicit scalar approximation. In this way one subiteration us-
ing the seven-equation RSM closure is only 26% computationally
more expensive than one subiteration using a two-equation closure
(factor 1.26 overhead compared to a factor 3—4 overhead without
approximation).

3) Computational stability loss caused by these approximations
(that might resultin oscillatory convergencein presence of large re-
gions of separated flow) is compensated by using an original local-
dual-time-steppingtechnique, with a sufficient number of subitera-
tions, to correct the error introduced by the use of both approximate
Jacobians and approximate factorization.

4) Computationalrobustnessis ensurednot only through the basic
choice of an implicit upwind method but also through the use of
simple explicit realizability, positivity, and boundedness fixes. No
particular treatment of source terms (which were treated explicitly)
was used in the present method (it was replaced by the explicit
realizability constraints), but this might not be sufficient for Newton
and/or multigrid methods.

5) One importantconclusion of the present study is that flowfield
oscillations, which are identified as physically significant large tur-
bulent structures by several authors (the use of a full-spectrum sta-
tistical closure and a local-time-step time-nonconsistentnumerical
scheme notwithstanding), are more often than not an indication of
limit-cycle instability of the numerical scheme. This also indicates
that extreme caution should be applied, when using statistical clo-
sures in flow instabilities studies, to verify that flow oscillations are
not triggered by numerical instabilities.

Possible improvements of the method are expected in 1) possi-
ble improvements in approximate factorizationand implicit source-
terms treatment, 2) better approximationof the equivalentdiffusivity
used in the approximate Jacobians for improved compatibility with
the RSM closure used, and 3) convergence acceleration through the
use of multigrid techniques.

It is believed that the present paper will contribute in negating
the myth that near-wall low-Reynolds RSM closures suffer from
inherent stabilibity problems or that they are computationally too
expensive, and it is hoped that it will incite more researchers to
abandon simpler (and physically less satisfactory) closures.

Acknowledgment

The computations presented in this work were run at the Insti-
tut pour le Développement des Ressources en Informatique Sci-

entifique, where computer resources were made available by the
Comité Scientifique. The authors are listed alphabetically.

References

1Visbal, M., and Knight, D., “The Baldwin-Lomax Turbulence Model for
Two-Dimensional Shock-Wave/Boundary-Layer Interactions,” AIAA Jour-
nal, Vol. 22, No. 7, 1984, pp. 921-928.

2Spalart, P.R., and Shur, M., “On the Sensitization of Turbulence Models
to Rotation and Curvature,” Aerospace Sciences and Technology, No. 5,
1997, pp. 297-302.

3Ekaterinaris, J. A., and Menter, F. R, “Computation of Oscillating Airfoil
Flows with One- and Two-Equation Turbulence Models,” AIAA Journal,
Vol. 32, No. 12, 1994, pp. 2359-2365.

4Barakos, G., and Drikakis, D., “Investigation of Nonlinear Eddy-
Viscosity Turbulence Models in Shock/Boundary-Layer Interaction,” AIAA
Journal, Vol. 38, No. 3, 2000, pp. 461-469.

5Rumsey, C. L., Gatski, T. B., and Morrison, J. H., “Turbulence Model
Predictions of Strongly Curved Flow in a U-Duct,” AIAA Journal, Vol. 38,
No. 8, 2000, pp. 1394-1402.

%Hah, C., “Calculation of Three-Dimensional Viscous Flows in Turbo-
machinery with an Implicit Relaxation Method,” Journal of Propulsion and
Power, Vol. 3, No. 5, 1987, pp. 415-422.

"Lin, H., Yang, D. Y., and Chieng, C. C., “Variants of Biconjugate-
Gradient Method for Compressible Navier—Stokes Solver,” AIAA Journal,
Vol. 33, No. 7, 1995, pp. 1177-1184.

8Batten, P, Leschziner, M. A., and Goldberg, U. C., “Average-State
Jacobians and Implicit Methods for Compressible Viscous and Turbulent
Flows,” Journal of Computational Physics, Vol. 137, 1997, pp. 38-78.

9Gerlinger, P., and Briiggemann, D., “An Implicit Multigrid Scheme for
the Compressible Navier—Stokes Equations with Low-Reynolds-Number
Turbulence Closure,” Journal of Fluids Engineering, Vol. 120, 1998,
pp- 257-262.

10Gatski, T. B., and Speziale, C. G., “On Explicit Algebraic Stress Models
for Complex Turbulent Flows,” Journal of Fluid Mechanics, Vol. 254,1993,
pp. 59-78.

1 ISotiropoulos, F., and Patel, V. C., “Application of Reynolds-Stress
Transport Models to Stern and Wake Flows,” Journal of Ship Research,
Vol. 39, No. 4, 1995, pp. 263-283.

12Gerolymos, G. A., and Vallet, 1., “Near-Wall Reynolds-Stress Three-
Dimensional Transonic Flow Computation,” AIAA Journal, Vol. 35, No. 2,
1997, pp. 228-236.

13Chenault, C. F., Beran, P. S., and Bowersox, R. D. W., “Numerical
Investigation of Supersonic Injection Using a Reynolds-Stress Turbulence
Model,” AIAA Journal, Vol. 37, No. 10, 1999, pp. 1257-1269.

l4Batten, P, Craft, T. J., Leschziner, M. A., and Loyau, H., “Reynolds-
Stress-Transport Modeling for Compressible Aerodynamics Applications,”
AIAA Journal, Vol. 37, No. 7, 1999, pp. 785-797.

5Gerolymos, G. A., and Vallet, 1., “Wall-Normal-Free Near-Wall
Reynolds-Stress Closure for Three-Dimensional Compressible Separated
Flows,” AIAA Journal, Vol. 39, No. 10, 2001, pp. 1833-1842.

léGerolymos, G. A., Neubauer, J., Sharma, V. C., and Vallet, 1., “Im-
proved Prediction of Turbomachinery Flows Using Near-Wall Reynolds-
Stress Model,” Journal of Turbomachinary, Vol. 124, 2002, pp. 86-99.

Morrison, J. H., “A Compressible Navier-Stokes Solver with 2-
Equation and Reynolds-Stress Turbulence Closure Models,” NASA CR
4440, Oct. 1992; also ATAA Paper 90-5251, May 1990.

18vallet, L., “Aérodynamique Numérique 3-D Instationnaire avec Ferme-
ture Bas-Reynolds au Second Ordre,” Ph.D. Dissertation, Univ. Pierre-et-
Marie-Curie, Paris, Dec. 1995.

19Zhang, H. S., So, R. M. C., Gatski, and Speziale, C. G., “A Near-
Wall Second-Order Closure for Compressible Turbulent Flows,” Near-Wall
Turbulent Flows, edited by R. M. C. So, C. G. Speziale, and B. E. Launder,
Elsevier, New York, 1993, pp. 209-218.

ZUGerolymos, G. A., and Vallet, I, “Advanced Turbulence Modelling for
Transonic Shock-Wave/Boundary-LayerInteraction,” Symposium Transson-
icum IV, 2002, Géttingen [D]; also “Computation of 3-D Aerospace Config-
urations Using Wall-Normal-Free Reynolds-Stress Models,” International
Journal Heat of Fluid Flow (submitted for publication).

21 Anderson, W. K., Thomas, J. L., and Van Leer, B., “Comparison of
Finite-Volume Flux-Vector-Splittings for the Euler Equations,” AIAA Jour-
nal, Vol. 24, No. 9, 1986, pp. 1453-1460.

22Toro, E. F., Riemann Solvers and Numerical Methods for Fluid Dynam-
ics, Springer-Verlag, Berlin, 1997, pp. 293-308, 313-341, 422-458.

23Hirsch, Ch., Numerical Computation of Internal and External Flows 11,
Wiley, New York, 1991, pp. 362-366, 460-469, 536-556.

24Venkatakrishnan, V., “Preconditioned Conjugate Gradient Methods for
the Compressible Navier—Stokes Equations,” AIAA Journal, Vol. 29, No. 7,
1991, pp. 1092-1100.

25 Anderson, W. K., Thomas, J. L., and Rumsey, C. L., “Extension and
Application of Flux-Vector-Splitting to Calculations on Dynamic Meshes,”
AIAA Journal, Vol.27,No. 6, 1989, pp. 673,674; also ATIAA Paper 87-1152,
June 1987.



CHASSAING, GEROLYMOS, AND VALLET 773

26 Arnone, A., “Viscous Analysis of 3-D Rotor Flow Using a Multigrid
Method,” Journal of Turbomachinery, Vol. 116, 1994, pp. 435-445.

27Golub, G. H., and Van Loan, C. F., Matrix Computations,Johns Hopkins
Univ. Press, Baltimore, MD, 1989, pp. 150-152.

28 Chakravarthy, S. R., “Relaxation Methods for Unfactored Implicit Up-
wind Schemes,” AIAA Paper 84-0165, Jan. 1984.

29Huang, P. G., and Leschziner, M. A., “Stabilization of Recirculating
Flow Computations Performed with Second Moment Closure and 3-Order
Discretization,” Proceedings of the 5th Turbulent Shear Flows, Cornell
Univ., Ithaca, NY, 1985, pp. 20-7-20-12.

30Ljen, F. S., and Leschziner, M. A., “Second Moment Closure for 3-D
Turbulent Flow Around and Within Complex Geometries,” Computers and
Fluids Journal, Vol. 25,1996, pp. 237-262.

31Schumann, U., “Realizability of Reynolds-Stress Turbulence Models,”
Physics of Fluids, Vol. 20, 1977, pp. 721-725.

32pantakar, S. V., Numerical Heat Transfer and Fluid Flow, Hemisphere,
Washington, DC, 1980, pp. 36-39, 48, 49, 143-146.

33Launder, B. E., and Shima, N., “2-Moment Closure for the near-Wall
Sublayer: Development and Application,” AIAA Journal, Vol. 27, No. 10,
1989, pp. 1319-1325.

34Launder, B. E., and Sharma, B. 1., “Application of the Energy Dissipa-
tion Model of Turbulence to the Calculation of Flows near a Spinning Disk,”
Letters in Heat and Mass Transfer, Vol. 1, 1974, pp. 131-138.

35Craft, T. J., and Launder, B., “A Reynolds-Stress Model Designed for
Complex Geometries,” International Journal of Heat Fluid Flow, Vol. 17,
1996, pp. 245-254.

36MacCormack, R. W., “A Numerical Method for Solvingthe Equations of
Compressible Viscous Flow,” AIAA Journal, Vol. 20, No. 9, 1982, pp. 1275-
1281.

37Kunz, R. E, and Lakshminarayana, B., “Stability of Explicit Navier—
Stokes Procedures Using k—¢ and k—e/Algebraic Reynolds Stress Turbulence
Models,” Journal of Computational Physics, Vol. 103, 1992, pp. 141-159.

38Morrison, J. H., Gatski, T. B., Sommer, T. P., Zhang, H. S., and So,
R. M. C., “Evaluation of a near-Wall Turbulent Closure Model in Predicting
Compressible Ramp Flows,” Near-Wall Turbulent Flows, edited by R. M. C.
So, C. G. Speziale, and B. E. Launder, Elsevier, New York, 1993, pp. 239—
250.
39Chenault, C. F., and Beran, P. S., “K —¢ and Reynolds Stress Turbulence
Model Comparisons for Two-Dimensional Injection Flows,” AIAA Journal,
Vol. 36, No. 8, 1998, pp. 1401-1412.
40Dybuc, L., Cantariti, F., Woodgate, M., Gribben, B., Badcock, K. J., and
Richards, B. E., “Solutionof the Unsteady Euler Equations Using an Implicit
Dual-Time Method,” AIAA Journal, Vol. 36, No. 8, 1998, pp. 1417-1424.
“IMottura, L., Vigevano, L., and Zaccanti, M., “Factorized Implicit Up-
wind Methods Applied to Inviscid Flows at High Mach Number,” AIAA
Journal, Vol. 38, No. 10,2000, pp. 1846-1852.
42Coakley, T. J., “Implicit Upwind Methods for the Compressible Navier—
Stokes Equations,” AIAA Journal, Vol. 23, No. 3, 1985, pp. 374-380; also
NASA TM 85899, Feb. 1984.
43Shih, T. I. P., Steinthorsson, E., and Chyu, W. J., “Implicit Treatment
of Diffusion Terms in Lower-Upper Algorithms,” AIAA Journal, Vol. 31,
No. 4, 1993, pp. 788-791.
4Doukelis, A., Mathioudakis, K., and Papailiou, K., “The Effect of Tip
Clearance Gap Size and Wall Rotation on the Performance of a High-Speed
Annular Compressor Cascade,” American Society of Mechanical Engineers,
Paper 98-GT-38, June 1998.
0tt, P., Bolcs, A., and Fransson, T. H., “Experimental and Numerical
Study of the Time-Dependent Pressure Response of a Shock-Wave Oscillat-
ing in a Nozzle,” Journal of Turbomachinery, Vol. 117, 1995, pp. 106-114.
46‘Gerolymos, G. A., Vallet, L, Ott, P, and Bolcs, A., “Computation of
Unsteady Transonic Nozzle Flows Using k— Turbulence Closure,” AIAA
Journal, Vol. 34, No. 7, 1996, pp. 1331-1340.
R.M. C. So
Associate Editor

Color reproductions courtesy of Université Pierre-et-Marie-Curie.




