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Ef� cient and Robust Reynolds-Stress Model Computation
of Three-Dimensional Compressible Flows

J. C. Chassaing,¤ G. A. Gerolymos,† and I. Vallet‡

Université Pierre-et-Marie-Curie, 91405 Paris, France

The purpose of this work is the developmentof an ef� cient and robust implicit methodologyfor the integration of
the three-dimensional compressible Favre–Reynolds-averaged Navier–Stokes equations with near-wall Reynolds-
stress closure. The � ve mean-� ow and seven turbulence transport equationsare discretized in space, on a structured
multiblock grid, using an O(¢x3) � nite volumeupwind-biased MUSCL scheme with Van Leer � ux vector splitting
and Van Albada limiters. Time integration is based on an implicit dual-time-stepping procedure with alternating
direction implicit subiterations. A particular treatment of the approximate Jacobians used in the subiterations
substantiallydiminishes the computing time requirements of the implicit phase, so that the computationaloverhead
of the Reynolds-stress seven-equation closure, compared to a two-equation closure, is less than 30% per iteration.
For steady � ow computations local time steps are used, for both the subiterations and the time marching, with
Courant–Friedrichs–Lewy numbersofO(10–20) for the O(1–20) subiterationsneeded andO(100–500) for the time
marching. The robustness of the method is ensured by appropriate positivity, boundedness, and Reynolds-stress
realizability constraints. The numerical method is illustrated by computing (and conducting numerical studies)
for a high subsonic (M » 0:7) three-dimensional � ow with large separation and for a transonic three-dimensional
shock-wave/boundary-layer interaction.

Introduction

N UMEROUS authors have justi� ed the use of simple zero-
equation closures1 or the developmentof such ad hoc closures

as transport equations for the eddy viscosity2 (a quantity that can-
not be de� ned theoretically)by stating that more advanced closures
(two-equation or full Reynolds-stress) require too much computer
resources and, more importantly, are numerically unstable.2 As far
as two-equationclosures are concerned, these arguments have been
brushed away by the widespread use of such closures.3¡5 Indeed
careful implementationof two-equationclosuresyields quite robust
and computationally ef� cient methods,6¡9 and this has established
two-equation closures as the current standard in turbulence model-
ing. What is surprising is that these same arguments of computa-
tional cost and numerical instability are being currently employed
by developersof explicitalgebraicReynolds-stressmodels10 against
the use of full Reynolds-stress models (RSM).4;5 These assertions
are of coursenegatedby the increasingnumberof three-dimensional
near-wall RSM computations reported in the literature.11¡16

There are, however, only a few published papers concerned
with the numerical implementation of full near-wall Reynolds-
stress models for three-dimensional compressible � ows with
shock waves, such as those encountered in aerospace applications
(Table 1)8;12;14;15;17¡37:

1) The structured multiblock cell-centered � nite volume method
developed by Morrison17 (Table 1) has been applied to the compu-
tation of Mach M D 2:87 compression ramps38 (with angles of 8,
16, and 20 deg) and of two-dimensional39 and three-dimensional13

supersonic (M D 1:8) injection at 25 deg in a supersonic (M D 3)
cross� ow. No detailed information on iterative convergence is
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given, although it is stated by Chenault et al.13 that for the three-
dimensionalcomputationsthe L2 norm of the residualswas reduced
by three orders of magnitude, before saturation.No information on
time-step choice or on realizability31 constraints implementation is
available.13;17;38;39

2) The structured multiblock cell-vertex � nite volume method
developed by Vallet21 (Table 1) has been applied to the compu-
tation of two-dimensional12;15;21 and three-dimensional12;15 shock-
wave/boundary-layer interactions and of complex transonic three-
dimensional � ows in turbomachinery.16 For attached � ows and
for � ows with small separation, computations were performed
at Courant–Friedrichs–Lewy (CFL) D von Neumann number
(VNN) D 20–50. For � ows with extended separation, it was often
necessary to reduce the VNN number (CFL D 20, VNN D 2). Con-
vergence of the L2 norm of the residuals saturated after a reduction
of four orders of magnitude.21 Explicit application of realizability
constraints12;15 was found to be the cornerstone of the stability of
the method and resulted in a very robust solver.

3) The structured cell-centered � nite volume method developed
by Batten et al.8 (Table 1) has been applied to the computation
of two-dimensional and axisymmetric shock-wave/boundary-layer
interactionsandof the three-dimensional� ow� eld arounda � n/plate
junction in a supersonic (M D 2) � ow. For the three-dimensional
computations14 the CFL was raised progressively from 1 to 1000,
and residuals were reduced by three orders of magnitude, without
reaching saturation. (Further iterations might be necessary for full
convergenceof the turbulence quantities.)

All of these methods are upwind and strongly implicit. The im-
plicit phase induces a substantial overhead (factor 3–4) compared
to two-equation closures (e.g., 12 £ 12 blocks for the method of
Morrison17 or 1 C 2 £ 23 bandwidth for the methodof Vallet21 com-
pared to 7 £ 7 and 1 C 2 £ 13 for two-equation closures).

The purposeof the present paper is to developan ef� cient and ro-
bust method for the computationof the compressibleNavier–Stokes
equations with RSM closure. (The choice of an upwind implicit
method is an obvious one, based on the review of the literature.)
The basic improvements of the new method are as follows:

1) One improvement is the use of a dual-time-stepping (DTS)
technique, analogous to the one used for unsteady � ows,40 but with
local time steps for both the time advancement and the subitera-
tions, an original combination that will be here called local-dual-
time-stepping technique(LDTS), which enhances convergenceand
solutionquality (throughreductionof the factorizationerror), and is
able to resolve limit-cycle-oscillationproblems observed, for � ows
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Table 1 Computationalmethods with near-wall RSMs applied to three-dimensional transonic � ows

Characteristic Morrison17 Vallet18 Batten et al.8

Year 1992 1995 1997
RSM ZSGS19a LSS,12bGV,15c GSV-LSS20d MCL14e

N
FC

`
f O.1x2/ MUSCL21 upwind O.1x3/ MUSCL21 upwind-biased O.1x2/ MUSCL21 upwind

Roe22;23 scheme with Van Leer21 with ·-scheme HLLC approximate Riemann
minmod22;23 or Van Albada limiter21;25 solver22 with various limiters8

Venkatakrishnan24 limiters

N
FV

`
, S

¯
g O.1x2/ centered26 O.1x2/ centered26 O.1x2/ centered26

Time O.1t/ ADI–AF21h O.1t/ ADI–AF21 O.1t / line relaxation28

12 £ 12 block tridiagonal banded-LU factorization27 with three alternate sweeps with
with bandwidth 1 C 2 £ 23 explicit deferred corrections14

N
F J i O.1x/ conservative28 stencil O.1x/ conservative28 stencil O.1x/ conservative28 stencil

implicit AF source-terms explicit source terms diagonalized RSM Jacobians
apparent viscosity technique29;30

bcj —— Implicit Chakravarthy23 Implicit Chakravarthy23

Realizability31 —— Explicit constraints12;15 Pantakar linearization,8;32

[CFL, VNN]k;l —— [20–50, 2–50] [1–1000,1–1000]

aZSGS: Zhang–So–Gatski–Speziale.19

bLSS: Launder–Shima33 with Launder–Sharma34 "¤-equation.
cGV: Gerolymos–Vallet.15
dGSV-LSS: Gerolymos–Sauret–Vallet20 wall-normal free version of the LSS model.
eMCL: modi� ed14 Craft–Launder.35
f

N
FC

`
: discretization of convective � uxes.

g

N
FV

`
, S

¯
: discretization of viscous � uxes and of the gradients appearing in viscous, diffusive, and source terms.

hADI–AF: alternative-directions-implicit-approximate factorization.
i F J : approximate Jacobians used in the implicit phase.
jbc: boundary conditions.
kCFL: convective stability36;37 Courant–Friedrichs–Lewy number.
lVNN: convective stability36;37 von Neumann number.

with large separation, using standard alternating-direction-implicit
(ADI)–approximate-factorization (AF) techniques.

2) Another improvement is the introduction of an appropriate
approximation of the implicit matrices, which minimizes the com-
putational cost of the turbulence transport equations, that is appli-
cable to both two-equationand seven-equation(RSM) closures and
substantially improves computational ef� ciency.

Flow Model and Computational Method
Flow Model

The � ow is modeled by the compressible Favre–Reynolds-
averaged three-dimensionalNavier–Stokes equations,15 coupled to
the six transport equations for the Reynolds stresses and the trans-
port equationfor the turbulence-kinetic-energy modi� ed dissipation
rate,15 written symbolically as
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where w 2 R12 is the vector of unknowns; F
¯ ` 2 R12 ( F

¯ x , F
¯ y , F

¯ z)
are the combinedconvective(F

¯
C

` ) and diffusive(viscous;F
¯

V
` ) � uxes;

S
¯

2 R12 are the source terms; t is the time; x` (x , y, z) are the

Cartesian space coordinates; ui (u, v, w) are the velocity compo-
nents; ½ is the density; p is the pressure; ±i j is the Kronecker sym-
bol; ¿i j are the viscous stresses, qi are the molecular heat � uxes;
Di jk represents the order three tensor responsible for the turbu-
lent diffusion of the Reynolds stresses di j D @Di j`=@x` (including
triple correlations, pressure diffusion, and viscous diffusion); and
D"`

corresponds to the diffusion of the turbulence-kinetic-energy
dissipation rate ". The symbol (Q) indicates Favre averaging, (N)
nonweightedaveraging, (00) Favre � uctuations, and .0/ nonweighted
� uctuations. Also, Mh t D Qh C 1

2
Qui Qui is the total enthalpy of the mean

� ow, h is the speci� c enthalpy, k D 1
2

]u 00
i u 00

i is the turbulence kinetic
energy.The symbol (M) is used to denote a functionof averagequan-
tities that is neither a Favre average nor a nonweighted average.
Finally S Mh t

is the source term in the mean-� ow energy equation15

Su i u j D Pi j C Ái j ¡ N½"i j C K i j C 2
3
Áp±i j , Pi j is the production ten-

sor, Ái j is the redistribution tensor, "i j is the dissipation tensor, K i j

are direct compressibility effects,15 Áp is the pressure–dilatation
correlation (p0@u00

` =@x`), and S" the source term in the " equation.
The terms Di j`, Ái j , "i j , K i j , D"`

, S Mht
, S" , and ]h00u00

` depend on the
particular closure used. In the computational examples reported in
the presentpaper, two wall-normal-freeRSM were used,15;20 but the
numerical implementation described in the following can be used
with other closures (RSM or two equation).

Space Discretization
Equations (1) are discretized on a structured grid using a � nite

volume technique with vertex storage. The divergence of convec-
tive � uxes ([F

¯
C

x ; F
¯

C
y ; F

¯
C

z ]T 2 R12 ­E3) is discretizedusing the � ux-
vector-splitting method of Van Leer with O.1x3/ MUSCL inter-
polation and Van Albada limiters.21;25 The divergence of viscous
� uxes ([F

¯
V
x ; F

¯
V
y ; F

¯
V
z ]T 2 R12 ­E3) is discretized using the O.1x2/

centered scheme described by Arnone.26 The present implemen-
tation follows closely the work of Anderson et al.21;25 De� ning a
staggered grid
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2

D 1
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C xi; j;k § 1 C xi § 1; j;k § 1 C xi § 1; j § 1;k § 1 C xi; j § 1;k § 1/ (5)

and noting .»; ´; ³ / the grid directions .i; j; k/, .» Si § 1=2; j;k ;
´Si; j § 1=2;k ; ³ Si; j;k § 1=2/ the cell-face areas of the staggered grid cell
around the point .i; j; k/, and ([» nx ; » n y;

» nz]T
i § 1=2; j;k , [´nx ; ´n y ,

´nz]T
i; j § 1=2;k , [³ nx ; ³ n y;

³ nz]T
i; j;k § 1=2) thecorrespondingunitnormals
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(positive in the positivegrid direction), the semidiscretescheme can
be written as
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where V i; j;k is the control volume. The numerical � ux is given by
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The viscous � uxes at the staggered grid cell faces are given by
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and the Van Leer � uxes are given by
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where MMn.wI nx ; n y; nz/ D Qu`.w/n` Ma¡1.w/ D QVn Ma¡1 and Ma.w/ Dp
[° Rg

QT .w/]. The MUSCL variables are given by
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where w§ denotes the MUSCL interpolation function. If wp is an
element of w D .wp ; p D 1; : : : ; 12/, then the corresponding Van
Albada limiter s p is de� ned by24

s p.[w p]¡1; [w p]0; [wp ]C 1/

D 2.[wp]C1 ¡ [wp ]0/.[wp ]0 ¡ [wp]¡1/ C 10¡23

.[wp ]C1 ¡ [w p]0/2 C .[w p]0 ¡ [w p]¡1/2 C 10¡23

p D 1; : : : ; 12 (11)

(where the 10¡23 term is introduced to avoid division by 0) and
the corresponding MUSCL variables w§.w¡1;w0;wC1/ D .w§

p ;
p D 1; : : : ; 12/ are given by21
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Implicit Dual Time Stepping
Denoting by

N
L i; j;k the discretized form of the space operator

[divergence and source terms; Eq. (6)], the semidiscrete equation
at grid point .i; j; k/ gives
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N
L 1;1;1;

N
L 1;1;2; : : : ;

N
L Ni ;N j ;Nk ]T 2 R12 £ Ni £ N j £ Nk are the global

vectors of the unknowns and of the space operators, respectively.
The time discretizationof the semidiscreteschemeuses a O.1t/ im-
plicit scheme.The resultingsystem of nonlinearequations is solved
usinga dual-time-steppingiterativetechnique.40 Denoting1ti; j;k the

local time step at grid point .i; j; k/, 1t¤
i; j;k the local dual pseudo

time step, and de� ning the diagonal matrices
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£
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where I
¯̄12

denotes the 12£ 12 identitymatrix, the numericalscheme
between instants n and n C 1, for the dual subiteration m, can be
written
n C 1 ¡ n

¢t
C L.n C 1 / »D 0 )

m C 1;n C 1 ¡ m ;n C 1

¢t¤

C
m C 1;n C 1 ¡ n

¢t
C L.m ;n C 1 / C @LJ

@
.m ;n C 1 /

£ [m C 1;n C 1 ¡ m;n C 1 ] »D 0 (15)

where LJ . / is an approximation to the operator L. /, chosen so
as to minimize implicit work. (The baseline choice L J D L uses the
exact Jacobian in the implicit procedure.) The following iterative
procedure is obtained:
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Do nit D 1, Nit (time steps):
Do m it D 1, Mit (subiterations):µ

I C ¢t¤¤ @LJ

@
.m ;n C 1 /

¶
[m C 1;n C 1 ¡ m;n C 1 ]

»D ¡¢t¤¤

µ
m;n C 1 ¡ n
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¶

| {z }
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(16)

where I 2 R.12 £ Ni £ N j £ Nk / £ .12 £ Ni £ N j £ Nk / is the identity matrix,
R is the residual, 1;n C 1 D n , and

¢t¤¤ D ¢t¤

I C ¢t¤=¢t
´ [I C ¢t¡1¢t¤]¡1¢t¤ (17)

Note that the usual non-dual-time-stepping scheme21;25;41 is re-
covered at the limit ¢t ! 1 , ¢t¤¤ D ¢t¤, with only one subit-
eration (Mit D 1).

Approximate Jacobians
The computationalcost of the RSM method (and the correspond-

ing overhead in comparison with more conventional two-equation
closures) is basically caused by 1) the computation and assembly
of the Jacobian @LJ =@ and 2) the solution of the linear system
[Eq. (16)]. The following approximationswere made:

1) O.1x/ Stencil: In practice, as reported in the Introduction,
all authors8;17;18 introduce a � rst simpli� cation in the computation
of the Jacobian @L=@ by taking the derivative of an O.1x/ sten-
cil instead of the O.1x3/ stencil used for the computation of the
numerical � uxes [Eqs. (6), (7), and (10)]. This standard simpli� -
cation, independent of the turbulence closure used, is equivalent
to computing the Jacobian not from the numerical � uxes F

¯
N but

from approximate � uxes F
¯

J , where the MUSCL variables in F
¯

§

[Eq. (7)] are computed using O.1x/ extrapolation.21¡23

2) Diagonalized viscous Jacobians: If no particular approxima-
tion of the Jacobians is made, then the computational overhead of
the RSM method in comparison with two-equation closures is eas-
ily estimated because the Jacobian @L=@ is assembled from the
� ux Jacobians @ F

¯
N =@w of the discretization stencil [Eq. (6)]. The

size of the � ux Jacobians is 12 £ 12 D 144 for RSM computations
and 7 £ 7 D 49 for two-equationclosures, and both the assembly of
the Jacobian @L=@ and the solution of the linear system scale as
144:49D 2:93:1,12 resulting in a factor of almost three. To remove
this drawback, further simpli� cations are made (these simpli� ca-
tions together with the realizability constraints are the most impor-
tant result reported in the present paper) by introducing an ad hoc
diagonalizationof the Jacobiansof the diffusive � uxes. This is done
by replacing @ F

¯
V

` =@x` by an approximate discretization of div.ºeq

grad wp/ for every element wp of w D .wp; p D 1; : : : ; 12/ except
w1 D N½ (no diffusive � uxes in the continuity equation),where ºeq is
an equivalent diffusivity.36

3) Source terms Jacobians neglected:Computational tests18 have
indicated that including the source-term Jacobians does not seem
to have a major in� uence on the stability of the present implicit
method. Although this simpli� cation does not result in major com-
putationalsavings, it is very practicalwhen using the computational
method for turbulence model development because it does not re-
quire computing and coding source-term Jacobians for the various
variants of the model.

With these simpli� cationsthe implicit operator@L=@ [Eq. (16)]
is replaced by the approximate operator @LJ =@ , which is
the Jacobian of the approximate operator LJ D [
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where ºeq is an equivalent diffusivity computed by MacCormack.36

With these approximations the � ux Jacobians are of the form
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where f §
m is the mass � ux [Eq. (9)], N i § 1

2 ; j;k is a scalar [Eq. (20)],
and I

¯̄7
is the 7 £ 7 identity matrix. The particular form of » A

¯̄ RSM
is important because it can be exploited when using approximate-
factorization techniques41 for the solution of the linear system
[Eq. (16)]. Independentof the particulartechniqueused, it is obvious
that the form of the Jacobians [Eq. (21)] will result in a particular
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form of the global linear system. If the vectors of unknownsare split
into mean � ow (MF) and turbulence (RSM) parts

w D
£
wT

MF;wT
RSM

¤T D
£
[ N½; N½ Qu; N½ Qv; N½ Qw; N½ Mht ¡ Np]I [½ ]u00u 00; ½ ]u 00v 00; ½ ]v00v 00; ½ ]v 00w00; ½ ]w00w00; ½ ]w00u 00; ½"¤]
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D
£

T
MFI T

RSM

¤T D
£
[.wMF/T

1;1;1; .wMF/T
1;1;2; : : : ; .wMF/T

Ni ;N j ;Nk
]I [.wRSM/T

1;1;1; .wRSM/T
1;1;2; : : : ; .wRSM/T

Ni ;N j ;Nk
]
¤T

(23)

where MF 2 R5 £ Ni £ N j £ Nk is the globalvectorof mean-� ow vari-
ables and RSM 2 R7 £ Ni £ N j £ Nk is the global vector of turbulence
variables, then the global linear system [Eq. (16)] can be written as
µ

I5Ni jk C AMF 0

BMF I7Ni jk C ARSM

¶ µ
1 MF

1 RSM

¶
D ¡

µ
bMF

bRSM

¶

,
.I5Ni jk C AMF/1 MF D ¡bMF

.I7Ni jk C ARSM/1 RSM D ¡bRSM ¡ BMF1 MF
(24)

where 1 D m C 1;n C 1 ¡ m ;n C 1 are the increments [Eq. (16)];
the matrices AMF, BMF, and ARSM are easily identi� ed [Eqs. (16–
22)]; and bMF, bRSM are obtained by the splitting of b [Eq. (16)]
correspondingto the splittingof [Eq. (23)]. Furthermore, a closer
examinationofARSM, as constructedby @LJ=@ , and taking into ac-
count the particular form of » A

¯̄ RSM
, ´A

¯̄ RSM
, ³ A

¯̄ RSM
[Eqs. (22)], shows

that the linear system .I C ARSM/1 RSM D ¡ bRSM ¡ BMF1 MF

[Eqs. (24)] is equivalent to seven independent linear systems, one
for each turbulent variable vRSM
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or equivalently

.INi jk C aRSM/1vRSM D ¡ßßRSM (26)

where the scalar coef� cients f[» a]i
i C 1=2; j;k , : : :g are easily identi� ed

[Eqs. (22)]; ßRSM
i; j;k is the term in ¡bRSM ¡ BMF1 MF [Eq. (24)] cor-

respondingto the transportequationfor vRSM
i; j;k ; INi jk is the Ni jk £ Ni jk

identity matrix; aRSM is the Ni jk £ Ni j k matrix assembled from
the scalar coef� cients f[» a]i

i C 1=2; j;k , : : :g [Eq. (25)]; vRSM D [vRSM
1;1;1;

vRSM
1;1;2; : : : ; vRSM

Ni ;N j ;Nk
]T ; and ßßRSM D [ßRSM

1;1;1; ßRSM
1;1;2; : : : ; ßRSM

Ni ;N j ;Nk
]T .

This particular form can be exploited for any AF technique41 us-
ing lower-upper (LU) decomposition27 for the solution of the linear
systems resulting from the factorizationbecause the seven systems
corresponding to the seven turbulent variables have the same sys-
tem matrix (sparse Ni jk £ Ni jk matrix)butdifferentsecondmembers
(ßRSM), meaning that the LU decomposition needs to be computed
only once. These simpli� cations reduce the computational effort
for the matrix computation,assembly, and LU decomposition,from
12 £ 12 D 144 units to 5 £ 5 C 7 D 32 units, hence a computational
economy of »144/32D 4:5. The same technique can be applied to
two-equation closures, where the computational effort is reduced
from 7 £ 7 D 49 to 5 £ 5 C 2 D 27, hence a computational econ-
omy of »49/27D 1:81. In this way, when using strongly implicit
methods with AF techniques,41 the ratio of computationaleffort for
the matrix computation,assembly, and LU decomposition,between
zero-equation,two-equation,and full RSM seven-equationclosures
scalesas 25:27:32D 1:1.08:1.28.Of course the computationaleffort

ratio between various models also includes the computation of the
residual R [Eq. (16)], which scales with the number of equations,

the computation of ¡bRSM ¡ BMF1 MF [Eq. (24)], which scales
with the number of turbulence variables, and the backsubstitutions
after the LU decomposition, which also scale with the number of
turbulencevariables. This modi� es the ratio of overall computation
effort per subiteration between two-equation and seven-equation
closures to 1:1.26 (a very substantial gain indeed compared to the
initial 1:4 ratio obtainedwhen the precedingapproximationsare not
used12).

Approximate Factorization and Boundary Conditions
In the presentwork the linear systemsappearingat every subitera-

tion [Eqs. (24) and (26)] are solved using an approximatelyfactored
ADI–AF method21;25

¡
I5Ni jk C » AMF

¢
» 1 MF D ¡bMF

» ßßRSM D bRSM C » BMF
» 1 MF

¡
INi jk C » aRSM

¢
» 1vRSM D ¡» ßßRSM

¡
I5Ni jk C ´AMF

¢´
1 MF D » 1 MF

´ßßRSM D ¡» 1vRSM C ´BMF
´1 MF

¡
INi jk C ´aRSM

¢
´1vRSM D ¡´ßßRSM

¡
I5Ni jk C ³ AMF

¢
1 MF D ´1 MF

³ ßßRSM D ¡´1vRSM C ³ BMF1 MF

¡
INi jk C ³ aRSM

¢
1vRSM D ¡³ ßßRSM (27)

for the mean � ow and for the turbulence variables. The matrices
» AMF, ´AMF, ³ AMF (» aRSM, ´aRSM , ³ aRSM) are obtained by retaining
in AMF (aRSM) only the terms corresponding to the » -wise, ´-wise,
and ³ -wise � uxes, respectively.The three successive spacewise lin-
ear systems are solved using banded-LU factorization.27 The cor-
responding bandwidth is .1 C 2 £ 9/ for the mean � ow [Eqs. (27)]
and only (1 C 2/ for the turbulence equations (27).

To achieve the high time steps used, it is indispensible to apply
boundary conditions both implicitly and explicitly. Boundary con-
ditionsare treatedusing the methodof characteristicsand are treated
implicitly following the corrections method of Chakravarthy,29 ap-
plied to each linear system of the ADI–AF [Eqs. (27)].

Time Stepping
The local time step is based on a combined convective (Courant)

and viscous (von Neumann) criterion37:

1ti; j;k · min

»
CFL
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QV C Ma
p

1 C 5
6
.° ¡ 1/M2

T

; VNN
`2

g

2ºeq

¼

ºeq D max

»
4

3
. Mº C ºT /;

° ¡ 1
N½ Rg

. M· C ·T /

¼
(28)

where `g is thegrid cell size, QV is the � ow velocity, Ma is the soundve-
locity,ºeq is the equivalentdiffusivitycomputedby MacCormack,36

Mº is the molecular kinematic viscosity, M· is the molecular heat
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conductivity, and the eddy viscosity ºT and eddy conductivity ·T

are those of the Launder–Sharma k–" model34:

ºT D C¹ MºRe¤
T ; C¹ D 0:09 exp

"
¡ 3:4

¡
1 C 0:02Re¤

T

¢2

#

Re¤
T D

k2

Mº"¤ ; ·T D
N½ºT cp

PrT
; PrT D 0:9 (29)

Note that the turbulence Mach number MT D
p

.2k Ma¡2/ appears
in the convective stability time step.12 When using local dual time
stepping with subiterations, CFL D VNN is taken, with different
values CFL and CFL¤ for 1t and 1t¤, respectively [Eqs. (15)].

Positivity, Boundedness, and Realizability Constraints
It is quite possible, during the iterations, to have Reynolds

stresses that do not satisfy the realizability constraints introduced
bySchumann.31 Such anomalousbehavioris systematicallychecked
for at every subiteration. If the realizability constraints are not sat-
is� ed for a given grid point, then all turbulence variables are set to
0 at this grid point:

if
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>>:

]u002 < 0 _ ]v002 < 0 _ ]w002 < 0 _
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i u 00

j ] < 0 _ "¤ < 0 _ `¤
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2 "¤¡1 > `Tmax

9
>>=

>>;
:wRSM Ã 0

¯
(30)

where `Tmax is a maximum admissible length scale (a characteristic
order-of-magnitudelength of the con� guration).Divisions by 0 are
avoidedthroughoutthe codebyadding10¡23 to thedenominator[for
every fraction b1=b2

»D b1=.b2 C 10¡23/]. These simple realizability
and boundedness� xes (which are completely explicit and as a con-
sequence easy to implement) stabilize the computations for all of
the cases studiedusing this method.12;15;16;20 In subsequentsubitera-
tions turbulencebuildsup again throughdiffusionfrom neighboring
nodes.

Discussion of the Approximations
The approximatediffusiveJacobiansand the fact that source-term

Jacobians are neglected result, at every subiteration, in the linear
system [Eq. (25)], which has the same scalar coef� cients for each
turbulent variable. The preceding approximation is the main rea-
son of the computational ef� ciency of the method. The present ap-
proach differs substantiallyfrom the diagonal implicit algorithmof
Coakley42 because1) the mean-� ow Jacobiansare not diagonalized
in the present method, 2) the Reynolds-stress transport equations
Jacobiansare not only diagonalizedbut also equalizedbecause they
all correspond to the mass-� ux Jacobian augmented by a diffusive
contribution, and 3) the in� uence of the mean-� ow increments on
the Reynolds-stress transport equations are retained.

The particular choices for the approximate Jacobians were dic-
tated by computational ef� ciency. It is well known that the in-
adequate implicit treatment of diffusive terms can result in nu-
merical instabilities, especially for diffusion-dominatedregions of
the � ow� eld,43 such as regions of large separation. Huang and
Leschziner29 and Lien and Leschziner30 have pointed out that the
absenceof turbulentstresses,proportionalto the mean-� ow velocity
gradients, in the mean-� ow momentum-equations has a numerical
destabilizingeffect, especially in recirculating � ow regions. These
authors29;30 solved the preceding stability problem by splitting the
Reynolds stresses into a part proportional to the mean-� ow veloc-
ity gradient (primary Boussinesq part) based on a tensorial posi-
tive eddy viscosity(de� ned from the correspondingReynolds-stress
transport equation) and a remaining term. The Boussinesq part was
added on both sidesof the momentum equationand discretizedwith
different stencils (O[1x2] and O[1x4]), thus introducing a stabi-
lizing smoothing in the truncationerror. This Boussinesq part could
have been used in the approximate Jacobians [Eqs. (20)], but this

was not found necessary. Instead, the LDTS subiterations served to
stabilize the computations.

Finally, the explicit application of the realizability constraints
and the associated � x replace the positivity-ensuringtreatments of
the source terms.30¡32 This particularly simple technique has given
satisfactory results for a wide range of aerospace con� gurations
consideredby the authors.12;15;16 In complex three-dimensional� ow
con� gurations16 the Schwartz inequality constraints31 have to be
satis� ed at every iteration [Eqs. (30)] to avoid the breakdownof the
computationalprocedure.

Computational Parameters
The parameters controlling the numerical scheme (time inte-

gration) are the CFL numbers (CFL for the time step and CFL¤

for the dual pseudo time step, assuming that VNN D CFL and
VNN¤ D CFL¤) and the number of subiterationsperformed at each
iteration Mit.nit/. This number can be either � xed by the user or
chosen dynamically based on a convergencecriterion for the subit-
erations. The relative variation of the mean � ow eMF and of the
turbulence variables eRSM are monitored using the following error
L2 pseudonorms:
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(31)

where
P

implies summation over all of the grid nodes and the sum-
mation conventionfor the Cartesian indices i; j D 1; 2; 3 is used [for
instance, meaning that the relative variation of the momentum vec-
tor is used in Eqs. (31) for eMF]. These quantities (eMF and eRSM)
de� ne approximatelythe number of digits to which the computation
is converged (e.g., eMF D ¡4 implies convergence to the 4.0 digit).
They are used to de� ne the subiterative convergence of the incre-
ment by the error reduction between subiterations [m; n C 1] and
[m C 1; n C 1] [Eqs. (16)]:

rMF.m C 1; n C 1/ D log10

»
10[eMF .m C 1;n C 1/] ¡ 10[eMF.m;n C 1/]

10[eMF .m;n C 1/]

¼

rRSM.m C 1; n C 1/ D log10

»
10[eRSM.mC1;nC1/] ¡ 10[eRSM .m ;n C 1/]

10[eRSM .m;n C 1/]

¼

(32)

eMF.m C 1; n C 1/ ´ eMF

£
n

MF; m C 1;n C 1
MF ¡ n

MF

¤

eRSM.m C 1; n C 1/ ´ eRSM

£
n

RSM; m C 1;n C 1
RSM ¡ n

RSM

¤

(33)

The reduction (rMF and rRSM) indicates approximately the num-
ber of digits to which the increment is converged during the subit-
erations. The time-integration scheme is therefore de� ned by the
triplet [CFL; CFL¤I Mit; rMF], where either Mit or rMF is speci-
� ed. With this nomenclature the non-LDTS scheme corresponds
to [1; CFL¤I 1; ¡] [Eq. (17)].
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Fig. 1 Partial view of NTUA 1 annular cascade44 with RSM-computed � ow streamlines near the hub and comparison of measured and computed
(using RSM15 and k¡¡"34 models) pitchwise-averaged � ow angle at inlet ®Mi and outlet ®Mo : _m = 13:2 kg s¡1; Tui = 4%; `Ti = 0:04 m; and grid DE.

Computational Results
Con� gurations Studied

In the following, results are presented for two different con-
� gurations chosen to highlight different aspects of the method:
1) three-dimensional � ow in a subsonic annular cascade (in� ow
Mach number Mi » 0:6 with large hub corner stall,44 that is used
to illustrate how the subiterations solve the well-known29;30 prob-
lem of separated� ow oscillationsobserved with ADI–AF methods,
and 2) three-dimensional � ow in a transonic channel45 with corner
separation caused by shock-wave/boundary-layer interaction.

Convergence is monitored both by the evolution of global quan-
tities such as mass � ow and losses and by the error L2 pseudonorms
[Eqs. (31)] plotted as a function of either iteration count nit or cum-
mulative subiteration count:

`it D m it C m it0 .nit/; m it0 .n it/ D m it0 .nit ¡ 1/ C Mit.n it/

m it0 .1/ D 0 (34)

For a given turbulence model the cummulative subiteration count
`it is directly proportional to CPU time.

Importance of Subiterations
The importance of subiterations is illustrated by considering the

� ow in the NTUA 1 stator annular cascade,44 which consists of
19 blades attacked by a complex swirling � ow, created by an up-
stream scroll. Although the experiment was initially intended to
investigate the effects of clearance between the blade tip and the
hub, the reference case without clearance (±HTC D 0) is a very in-
teresting test case because of the experimentally observed large
hub corner stall. Previous studies16 have shown that, because of
the large hub corner stall, typical two-equation closures will fail
to correctly predict the substantial negative deviation (opposite to
the blades’ camber) of the � ow near the hub (span & D 0–20%),
whereas wall-normal free RSMs designed for separated � ow15;20

will predict this phenomenon (Fig. 1). The observed separation is
basically caused by the local (& D 0–20%) � ow incidence and has a

complex three-dimensional structure (Fig. 1), consisting of a local
three-dimensional tornado-type vortex (red streamlines), which is
bent streamwise by the � ow resulting in a strong hub-corner-stall
secondary vortex (blue streamlines). This large separated � ow re-
gion induces an important de� ection of the � ow (green streamlines)
responsible for the negative deviation. A substantial improvement
of outlet � ow-angle prediction is obtained by the RSM closure,15

compared to k–"34 results. Computations presented in the present
work use an H–O–H grid of 2.75 £ 106 points [grid DE; with 129
radial stations, 25 £ 49 (axial£ tangential) points in the upstream
H-grid, 241 £ 57 (aroundthe blade£ away from blade)points in the
blades-O-grid,and 97 £ 65 (axial£ tangential) points in the down-
stream H-grid; the nondimensional distance of the � rst grid point
away from the wall is nC

w < 0:7 wall units everywhere], discretiz-
ing the � ow around only one blade with peridocity conditions.16

Previous published grid-convergencestudies16 using various grids,
with bothanRSM model15 (whichslightlyoverestimatesseparation)
and the Launder–Sharma34 k–" (which substantiallyunderestimates
separation) indicate that results with this grid are reasonably grid
converged.

The presence of the large hub corner stall promotes the nu-
merical instabilities associated with the use of both approximate
Jacobians and approximate factorization, so that typical ADI–AF
schemes12;21;25 that do notuse LDTS, such as scheme [1; 10I 1; ¡],
will converge to a limit-cycle oscillation, which is clearly seen in
the convergence of mass � ow at the cascade exit Pmo (Fig. 2e).
With the present nomenclature the non-LDTS schemes correspond
to the limit CFL ! 1 [Eq. (17)], and CFL¤ determines the time
step used. This explains why the non-DTS schemes, especially
if Newton subiterations21;25 are not performed, will be less stable
than the present class of time-integrationschemes with � nite CFL.
This is substantiatedby consideringvarious time-integrationLDTS
schemes (Table 2). Using the scheme [100; 10I 5; ¡] still exhibits
limit-cycleoscillations,but with substantiallydiminishedamplitude
(Fig. 2e), and increasing the number of subiterations to 10 (scheme
[100; 10I 10; ¡]) completely stabilizes the computations (Fig. 2e).
The differencebetween limit-cycle and nonoscillatoryconvergence
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is also clearly observed in the evolution of the mean-� ow error eMF

(Fig. 2d), where the stable schemes reach a 3–4-order-of-magnitude
reduction of eMF, before saturation,whereas nonstable schemes fail
to reduceeMF by more than 1–2 orders-of-magnitude(Fig. 2d). Con-
vergence is improved by using the [100; 10I ¡; ¡1:0] scheme that
dynamically chooses the number of subiterations at each iteration
to obtain a reduction rMF D ¡1. In this case the number of subit-
erations in the initial phase of the convergence is almost constant
»9 (Fig. 2a), but when the asymptotic phase of the convergence
is reached near `it D 3000 the number of subiterations Mit oscil-
lates around a mean value of »5 (Fig. 2a), thus explaining the
convergence speed-up. (It is recalled that for a given turbulence
model the cumulative subiterationsindex `it is directly proportional
to CPU time.) Increasingthe time step will give stablecomputations
at the expense of more subiterationsand seems to increase comput-
ing time requirements, as can be seen for instance for the scheme
[200; 20I ¡; ¡1:5] (Fig. 2). It is nonetheless important to note that,
even for higher time steps, increasing the number of subiterations
Mit by increasing the error reduction rMF suf� ces to stabilize the
computations (Fig. 2). As far as convergence speed is concerned,
the scheme[100; 10I ¡; ¡1:0] seems optimalfor the presentcon� g-
uration. The present con� guration is however signi� cant for testing
the stability of the time-integration scheme because it contains a
large region of separation and because it is computed using a quite
� negrid with anRSM closure15 that slightlyoverpredictsseparation.

Table 2 Summary of computational parameters in� uence on
the computations of the NTUA 1 annular, using the class of

LDTS-integration schemes de� ned by [CFL, CFL¤; Mit, rMF]
( _m = 13.2 kg s¡1; Tui = 4%; `Ti = 0.04 m; grid DE)

Scheme CFL CFL¤ Mit rMF Limit cycle

Non-DTS 1 10 1 —— Yes
DTS 100 10 5 —— Yes
DTS 100 10 10 —— No
DTS 100 10 —— ¡1.0 No
DTS 200 10 —— ¡1.0 Yes
DTS 200 10 —— ¡1.5 No
DTS 200 20 —— ¡1.5 No

Fig. 2 Convergence of d) mean-� ow error eMF and e) mass � ow at cascade exit _mo and a), b), and c) number of subiterations Mit required for a given
error reduction rMF , as functions of the cummulative subiteration count `it [Eqs. (34)], using different LDTS time-integration schemes (Table 2) for
RSM15 computations of the NTUA 1 annular cascade44: _m = 13:2 kg s¡1, Tui = 4%, `Ti = 0:04 m, and grid DE.

Comparison of computing time requirements between the RSM
and k–" computations yields interesting and somehow unexpected
conclusions (Fig. 3). Both computations were run on the same
grid (grid DE; Table 1) with the same initialization, using a
[100; 10I ¡; ¡1:0] time-integration LDTS scheme. The conver-
gence in mean-� ow error eMF of the k–" computationsis 1

2
-order-of-

magnitude worse than the corresponding convergence of the RSM
computations (Fig. 3b). The number of subiterations required for
the k–" computations does not drop when convergence is reached
(Fig. 3a) contrary to the RSM case (Fig. 3a). Considering the con-
vergence of mass � ow at cascadeexit Pmo as a function of CPU time
(Fig. 3c), for the two computations, indicates that, despite the 26%
computationaloverhead per subiterationof the RSM computations,
the CPU time required for full convergenceis slightly higher for the
k–" computations (Fig. 3c) because more subiterations are needed
for the k–" computations (Fig. 3a). Although this result is not gen-
erally observed, it substantiates the authors’ experience that, for
dif� cult � ow computations, carefully implemented RSM closures
are more stable than two-equation closures, an experience contra-
dictory with frequent assertions of the contrary.4;5

Transonic Nozzle Flow
The performance of the present computational method in pres-

ence of shock waves has been validated for various transonic and
supersonic (M » 1–3) con� gurations, for which results have been
presented in previous RSM closure development studies.12;15;16;20

It is further illustrated in the present paper by considering
transonic � ow in a square nozzle45 � tted with symmetric bumps
on the upper and lower walls (Fig. 4), computed using a
2.03 £ 106 points grid to discretize 1

4
of the channel (grid C; with

Ni £ N j £ Nk D Nx £ Ny £ Nz D 201 £ 111 £ 91 points, stretched
geometrically away from the wall with ratios r j D 1:081 and
rk D 1:09, respectively;the nondimensionaldistanceof the � rst grid
point away from the wall is yC

w
»D zC

w < 0:5 wall units everywhere),
with y-wise and z-wise symmetry conditions. The present con-
� guration is easier to compute (requires fewer subiterations than
the preceding one), clearly indicating that numerical instabilities,
caused by approximate factorization and to the approximation of
the diffusive Jacobians, are mainly triggered by the presence of
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Fig. 3 Convergence of b) mean-� ow error eMF and c) mass � ow at cascade exit _mo and a) number of subiterations Mit required for a given error
reduction rMF , as functions of CPU time (CPU hours for a 2 G� ops sustained performance), using a [100, 10; ¡¡, ¡¡1.0] time-integration LDTS scheme
for RSM15 and k–"34 computations of the NTUA 1 annular cascade44: _m = 13:2 kg s¡1, Tui = 4%, `Ti = 0.04 m, and grid DE.

Fig. 4 Comparison of computed (using a wall-normal free version20 of the Launder–Shima33 RSM) and measured45 isentropic wall Mach number
M̧is, on the side wall (z = 0) at the y-symmetry plane of the transonic square nozzle con� guration of Ott et al.45 (only 1

4 of the symmetric nozzle is
shown), computed Mach-number levels near the side wall, and convergence of the computations, using a [100, 10; 5,¡¡] time-integration scheme, for
two out� ow-static-to-in� ow-total pressure ratios ¼S-T = 0.636,0.669,Tui = 1:6%, `Ti = 0.001 m, and 201 ££ 111 ££ 91 grid.
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separated � ow.29;30 Computations were run using a [100; 10I 5; ¡]
scheme, for two backpressure ratios (correspondingto shock-wave
Mach numbers MMSW of 1.15 and 1.3), with the experimental in-
� ow conditions.46 A wall-normal free version20 of the Launder–
Shima33 RSM (GSV-LSS) was used for these computations. The
� ow is strongly in� uenced by three-dimensional effects caused by
the shock-wave/boundary-layer interaction at the solid corners be-
cause of the small width of the channel.46 Computed wall pressures
(isentropicMachnumbers41) showquitesatisfactoryagreementwith
measurements. The mean-� ow variables error eMF is reduced by
4–5 orders of magnitude before reaching saturation, whereas the
turbulencevariableserror eRSM is reduced by three orders of magni-
tude. This reduction is quite satisfactory,compared to the results of
other authors,13;18;14 as discussed in the Introductionof the present
paper.

Conclusions
In the present work a computational methodology for the nu-

merical integrationof the Favre–Reynolds-averagedNavier–Stokes
equationswith near-wall RSM closurewas presented and analyzed,
yielding the following conclusions:

1) An implicit upwind method was used, and this seems to be the
choice of all workers in the � eld.

2) Computational ef� ciency is achieved through the use of a par-
ticular form of the approximate Jacobians appearing in the implicit
phase, based on an O.1x/ stencil and on approximate implicit vis-
cous � uxes ensuring diagonalizedviscous Jacobians.This form un-
couples the MF equations from the RSM equations but retains the
in� uence of the MF increments on the RSM equations. The advan-
tage is that the implicit phase of the RSM equations corresponds to
an implicit scalar approximation. In this way one subiteration us-
ing the seven-equation RSM closure is only 26% computationally
more expensive than one subiteration using a two-equation closure
(factor 1.26 overhead compared to a factor 3–4 overhead without
approximation).

3) Computational stability loss caused by these approximations
(that might result in oscillatoryconvergencein presenceof large re-
gions of separated � ow) is compensated by using an original local-
dual-time-steppingtechnique,with a suf� cient number of subitera-
tions, to correct the error introducedby the use of both approximate
Jacobians and approximate factorization.

4) Computationalrobustnessis ensurednotonly throughthe basic
choice of an implicit upwind method but also through the use of
simple explicit realizability, positivity, and boundedness � xes. No
particular treatment of source terms (which were treated explicitly)
was used in the present method (it was replaced by the explicit
realizabilityconstraints),but this might not be suf� cient for Newton
and/or multigrid methods.

5) One important conclusionof the present study is that � ow� eld
oscillations, which are identi� ed as physically signi� cant large tur-
bulent structures by several authors (the use of a full-spectrum sta-
tistical closure and a local-time-step time-nonconsistentnumerical
scheme notwithstanding), are more often than not an indication of
limit-cycle instability of the numerical scheme. This also indicates
that extreme caution should be applied, when using statistical clo-
sures in � ow instabilities studies, to verify that � ow oscillationsare
not triggered by numerical instabilities.

Possible improvements of the method are expected in 1) possi-
ble improvements in approximatefactorizationand implicit source-
terms treatment,2)betterapproximationof theequivalentdiffusivity
used in the approximate Jacobians for improved compatibilitywith
the RSM closure used, and 3) convergenceacceleration through the
use of multigrid techniques.

It is believed that the present paper will contribute in negating
the myth that near-wall low-Reynolds RSM closures suffer from
inherent stabilibity problems or that they are computationally too
expensive, and it is hoped that it will incite more researchers to
abandon simpler (and physically less satisfactory) closures.
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